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Numerical values for the S-wave and P-wave phase shifts are deduced from the observed . 


angular distribution of protons scattered by deuterons. The experimental results used are 
those obtained at Los Alamos in the energy range, 1.5 to 3.5 Mev. In reducing the results to 
phase shifts the theoretical work on neutron-deuteron scattering, as presented by Buckingham 
and Massey, was used as a guide. It is found that the p-d phase shifts are qualitatively similar 
to the calculated n-d phase shifts, for the case of exchange forces between nucleons, except that 
the doublet P-wave is much more strongly refracted in the p-d results. The discrepancy may 
be evidence for a difference between the actual nuclear forces and the type of central, exchange 
forces assumed in the calculations. The results are definitely not similar to those for ordinary 
forces, however, and such forces would appear to be ruled out. Phase shifts in S- and P-waves 
alone are not sufficient to represent the p-d results in the range of energies used, but it is 


necessary to include interference with D-waves. 


I. INTRODUCTION 


HE angular distribution of protons, as 
scattered by deuterium gas, has been 
determined at the Los Alamos Laboratory.' Very 
complete and accurate results were obtained for 
five energies of incident protons, ranging from 
1.5 Mev to 3.5 Mev. The scattered intensity 
was measured at fourteen angles of scattering, 
running from 22.5° to 164.5° in the center of 
gravity coordinate system. It is convenient, for 
the purposes of analysis, to represent this data 
by plotting k’e(@) against cos#, where @ is the 
angle of deflection of the proton in the center of 
gravity system, o(@) is the usual differential 
cross section, and 
2 Mv 
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for protons of mass M and relative velocity v 
(energy Emev in the laboratory system). The 
experimental results are plotted in these terms 
in Fig. 1. 

The experimental results are characterized by 
very strong scattering at small angles (cos#—™1), 
i.e., in the forward direction of the protons, and 
this is an obvious effect of the Coulomb repulsion 
between the proton and the deuteron. The pure 
Coulomb field differential cross section (times &?) 
is shown as a dotted curve in Fig. 1, for E=2.53 
Mev, just for comparison. The more remarkable 
feature of the results is that the scattering at 
angles near 180°, i.e., in the backward direction, 
becomes very strong also, especially for the 
higher energies of bombardment. 

Strong backward scattering, in the energy 
range concerned, has been found in the theo- 
retical work of Buckingham and Massey’ on the 


?R. A. Buckingham and H. S. W. Massey, Proc. Roy. 
Soc. A179, 123 (1942); Phys. Rev. 71, 558, 829 (1947). 
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scattering of meutrons by deuterium. These 
authors use the resonating group-structure the- 
ory of Wheeler and thus allow for the possibility 
that the incoming neutron may form a new 
deuteron with the proton and liberate the neu- 
tron that was originally held by the proton. It 
is plausible, just from the persistence of mo- 
mentum of the impinging neutron, that the 
newly formed deuteron will move predominantly 
in the forward direction so that the liberated 
neutron will fly backward. Greater detail in this 
mechanism can be followed through the integro- 
differential wave equation set up and solved in 
reference 2. The strong scattering near 180° is 
thus not direct evidence of the exchange nature 
of nuclear forces but rather arises as an exchange 
of partners for the proton in forming a deuteron. 
On the contrary, it was found that if the nuclear 
forces are of an exchange nature they partially 
defeat the exchange of partners so that ordinary 
forces should give much more backward scat- 
tering, in this energy range, than exchange forces. 

The calculations of neutron-deuteron scatter- 
ing were made on the basis of various assump- 
tions concerning the nuclear forces. Since nuclear 
forces are believed to be the same between two 
protons as between two neutrons, the qualitative 
features of these calculations should be applicable 
also to the proton-deuteron scattering. Hence, in 
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Fic. 1. Experimental results on angular distribution of 
protons scattered by deuterons. 


A—Coulomb effect only D—2.53 Mev 

(E =2.53) E—3.00 Mev 
B—1.51 Mev F—3.49 Mev 
C—2.08 Mev 
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the present paper, we shall depend upon the 
calculations by Buckingham and Massey for 
guidance in reducing the proton-deuteron results 
in terms of phase shifts. The results of calculation 
and of experiment cannot be expected to be 
quantitatively exactly the same, however, since 
the Coulomb repulsion in the p-d case will affect 
the amplitudes of the waves to some extent and 
also the calculations have been made assuming 
central forces with rather arbitrarily chosen 


exchange characters. The actual forces between ° 


nucleons are known to be partly non-central and 
may have a somewhat different exchange nature 
than those in the particular examples taken for 
calculation. No attempt has been made to 
interpret the differences between n-d calculations 
and p-d experimental results, as found below, 
except that it appears that nuclear forces are 
certainly not purely ordinary forces. This fact is 
known already from the saturation character of 
forces in nuclei. 

In Fig. 2 is summarized the results of calcula- 
tion for S-wave and P-wave phase shifts in 
quartet and doublet collisions of neutron and 
deuteron. For convenience, the phase shifts are 
represented in the first and fourth quadrants. 
Figure 2a is for ordinary forces and Fig 2b for a 
particular combination of exchange forces (and 
ordinary forces) as assumed in reference 2. It is 
evident from these figures that the S-wave shifts 
are practically independent of spin orientation.** 
Considering the very different nature of the 
S-wave solutions for quartet and doublet colli- 
sions (there is a region of repulsion in the quartet 
state, none in the doublet) it would seem that 
the independence of spin is accidental. In any 
case, for the analysis of the p-d results we shall 
assume that this feature of the n-d calculation 
carries over and adopt a single phase shift, Ko, 
for both S-waves. We assume also, of course, 
that this Ko lies in the fourth quadrant. 

Because of the effect of changing partners (in 
the p-d collisions the protons exchange) the 
higher partial waves, P, D, F, etc., may become 
affected when X becomes of the order of the 
radius of the deuteron, i.e., at 2 Mev in the 


** The calculations actually predict the quartet and 
doublet phase shifts to differ very nearly by 180°. Since, 
however, scattering experiments do not distinguish phase 
shifts differing by 180°, the two are plotted in the same 
quadrant. 
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center of gravity coordinates or 3 Mev in the 
laboratory system. Since the Coulomb repulsion 
at this radius is rather small compared with the 
bombarding energy, the extent to which the 
waves of higher orbital angular momenta, /, are 
affected will diminish rapidly with /, as in the 
collision of neutral particles. Hence, in the 
energy range of the experiments on p-d scattering 
we are justified in considering the S- and P-waves 
only as strongly shifted in phase with small shifts 
of diminishing importance in D and higher waves. 
The n-d results, Fig. 2, show that the P-waves 
are indeed strongly refracted and that there is a 
considerable difference in phase shift between ?P 
and ‘P waves. For both ordinary and exchange 
forces, however, the *P phase shift lies above the 
2P and in the first quadrant. In analyzing the 
p-d data we shall assume, therefore, that the *P 
phase shift lies in the first quadrant. 

The formula for k?¢(6@), which forms the basis 
of the p-d analysis below, is written most con- 
veniently for the simplified case of no spin- 
dependence of scattering 


n 
as | — 944 In2/1—cosd 4 piko 
1 —cosé 


+3 sink, 


5 2 
+6 cos*6— sinKe---| , (2) 
e? 1+147 
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with Ko, K,, Kz the phase shifts in S, P, D, 
waves. In the energy range of interest, 7 is of 
the order 0.1, so that ¢;~2n and the R; involved 
are so small that 


sinKe~Ro. (3) 


Il. ESTIMATES OF S- AND P-WAVE SHIFTS 


The first step in a preliminary reduction of the 
experimental data is to estimate the phase shifts 
for the S-waves. As remarked above, we shall 
assume that D-waves and higher partial waves 
have very small phase shifts and also that the 4S 
and *S waves have the same phase shift, Ko. We 
may then use Eq. (2), setting Ko, --- equal to 
zero, and avoid possible contributions of the 
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Fic. 2. Calculated phase shifts of S-waves and P-waves 
in the scattering of neutrons by deuterons. (a) for ordinary 
forces; (b) for the “mixed exchange” forces of reference 2. 


P-waves by using the experimental data at 
6=90°. The formula for k*¢(90°) then becomes 


k?a(90°) 
=?—2n sinKy cos(Ko—7 In2)+sin*Ko. (4) 


By the neglect of terms of the order n* (<0.004 
in the range of the experiments) Eq. (4) may be 
solved for cos(2K»—2n) in terms of 7 and the 
measured values of k?a(90°), viz.: 


cos(2K»—2n) 
= (5) 


Equation (5) then leads to two possible values 
of Ko for each energy represented in Fig. 1. In 
accordance with the m-d predictions we choose 
the solutions for Ko that lie in the fourth quad- 
rant. The deductions of Ky from the experimental 
curves are given in Table I. Comparing these 
results with those in the m-d calculations, Fig. 2, 
we see that the p-d phase shifts are about ? 
those predicted for exchange forces and about 
those for ordinary forces. The smaller S-wave 
shift in p-d collisions may be due to the Coulomb 
repulsion, and it is not possible to conclude from 
this result alone whether ordinary or exchange 
forces are operative. 

The second step is to estimate the P-wave 


TABLE I, S-wave phase shifts. 


E 
Mev ” kte(90° Ko 
1.51 .129 0.48 —36.5° 
2.08 0.110 0.54 —41.0° 
2.53 0.100 0.58 —43,.9° 
3.00 0.092 0.64 —47.8° 
3.49 0.085 0.68 —50.6° 
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P-wave phase shifts. 
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TABLE III. D-wave phase shifts. 


E s Ki 
1.51 2.781 —0.054 3° —6.0° 
2.08 2.640 —0.147 16.9 —11.8 
2.53 2.508 —0.139 17.2 —17.6 
3.00 2.484 —0.098 16.1 —19.9 
3.49 2.370 — 0.064 17.2 — 23.0 


shifts. For the time being let us assume that 
there is no spin dependence, so that we may 
again use Eq. (2) with K.=0, etc., and substitute 
the values of Ko already obtained. The formula 
for k?a(@) then becomes: 


=n? csc*}6—7 csc?}0[sinK cos(Ko—8) 
+3 cosé sinK, cos(K1+¢:—8)] 
+sin?K cos?@ sin?K, 
+6 cosé sinK» sinK, 

with 


2 
B=nI|n 
1—cosé 
By the neglect of terms of the order 7’, this may 
be written in the approximate form: 


(0) = jn? csc*30—n csc?46[sinKy cosKo 
sinK, cosK; 
—3 sink, 
XcosK; —6n(2n—8) sin*K, 
+sin?K»+9 cos’@ sin?K, 
+6 cos@ sinKy sinK,[(1 —2n?) 
Xcos(Ko—K1)+2n sin(Ko—K:)]. (6) 


In order to effect the best comparison of Eq. (6) 
with the experimental results we use the data 
(Fig. 1) for those angles 6, and 62 for which the 
D-wave vanishes, viz., 


= 54.7°, 3-3) =125.3°. 
Then 


2) = $n?(12+6v3) — n(3+V3){sinKy cosKo 
+6, 2 sin’?’K»o+3 sink, cosK; 
—3(2n—,,2) sin?Ky} +6n sinK, cos RK; 
— 6n 
+3 sin?*K,+2v3 sinKo sinK,[ (1 — 2n?) 

<cos(Ky—K1)+2n sin(Ko—K;)], 


the upper signs going with the subscripts 1 and 
the lower signs with the subscripts 2. It is 
convenient to take the sum and difference of 
k?o(0) at 6, and 6. It is convenient also to 
approximate 8; and f; in terms that neglect 


E  S(sin2Ki Ke 


Mev —sin2ki) =|] rad. deg. rad. deg. 
1.51 3.58 0.13 —0.036 —2.1 0.072 4.2 
2.08 4.78 0.25 —0.052 —3.0 0.104 6.0 
2.53 5.70 0.35 —0.061 —3.6 0.122 7,2 
3.00 5.86 0.44 —0.075 —44 0.150 8&8 
0.42 —0.065 0.130 7.6 


n’/10 compared with unity, viz., 
=0.90n~n, 
— = 0.66n~3-'n. 
Reducing the expression for 
=k +0(62) ] 
in a manner similar to that used previously for 
k?¢(90°), we find 
3 cos(2K;—n) +cos(2K»—3n) 
=(1—3n°)(4—2). (8) 
An alternative method of determining K, 
would be to calculate the formula for the 
difference 


which gives, to the same approximation, i.c., 
using (7), 
3-44 = [1 —cos(2Ko—3n) 

+sin(2Ko—3n) sin(2Ki—n). (9) 
However, as anticipated in the introduction, 
there are no single values of K, that satisfy (8) 
and (9) simultaneously, because there is a 
pronounced spin-dependence in the P-wave 


shifts. 
To adapt the formulas just derived for > and 


A to the case of spin-dependence (in P-waves) ~ 


we have to introduce a quartet P-wave shift, K;, 
and a doublet P-wave shift, k:, and replace 
3cos(2Ki—n) by 
and replace 3sin(2Ki—n) by 2sin(2Ki—n) 
+sin(2k:—1). We may eliminate the cosine terms 
in A also, in terms of =, and arrive at the con- 
venient relations for K; and k;: 


2 cos(2Ki1—7) +cos(2k: — 
= (1—4$n*)(4—2) —cos(2Ko—3n) =s, 
2 sin(2K,—7) +sin(2k:i—7) 
= } 
X[1+4n?—(s/3)]} csc(2Ko—3n) 
=3d_csc(2Ko—3n). 


(10) 
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We now obtain the observed values of = and 4 
from Fig. 1, use the previously determined values 
of Ko, and compute the quantities on the right- 
hand side of the two equations (10). These are 
then simultaneous equations for K, and &. 
Again, there will be two roots for each, but we 
choose that set of roots in which K;, lies in the 
first quadrant as indicated by the m-d calcula- 
tions. The results appear in Table II. 

Comparing the values thus obtained with the 
n-d calculations, Fig. 2, we see that the ‘P-shift, 
K,, is in general agreement with predictions for 
exchange forces but that the *P-shift is very 
different. Instead of remaining close to zero, the 
2P-shift grows rapidly negative. There is no 
clear indication of what this may mean, assuming 


Fics. 3-7. Deviations of experimental points (open 
circles) from angular distribution predicted on basis of 
S-wave and P-wave shifts alone. (Fig. 3, E=1.51 Mev; 
Fig. 4, E=2.08 Mev; Fig. 5, E=2.52 Mev; Fig. 6, E=3.00 
Mev; Fig. 7, E=3.49 Mev.) 
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the analysis is valid, in terms of the exchange 
character or of the non-central character of 
nuclear forces. This behavior, however, is so 
different from that of ordinary, central forces 
that it suggests very strongly that the nuclear 
forces are of an exchange nature. 


Ill. EFFECT OF HIGHER ANGULAR MOMENTA 


In Figs. 3, 4, 5, 6, and 7 are shown the de- 
partures of the experimentally determined cross 
sections (times &*) from the calculations with 
formula (6), modified to take account of spin- 
dependence in the P collisions and using the 
values of Ko from Table I and K,, k; from 
Table II. By virtue of the method of estimating 
Ko, Ki, and k, these curyes pass through zero at 
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= 0.58, 0, —0.58 (the agreement is not quite 


6 


perfect for E=3.49 because the spread of the 
experimental points permitted a certain arbi- 
trariness in selecting values for = and A). The 
curves in Figs. 3-7 are antisymmetrical about 
the origin, within the errors of experiment. This 
indicates that the departure contains very little 
S-D interference, and since the D-wave shifts, 
Kz for the quartet and k, for the doublet, are 
expected to be small, we may deduce at once 
that 


2K2+k2=0, (11) 


within the accuracy of the determinations. 
Condition (11) is based on the fact that the S-D 
interference would contribute to k’e(@) a term 
(cf. Eq. (2)) 


5(3 cos?@—1) sinKo{} sinK2 cos(K»— K2—¢2) 
+4 sinks cos(Ko—k2—¢32)} 
cos*@—1) sin2Ko(2K2+k:), 


and it simultaneously eliminates the D-Coulomb 
interference. It follows that the departures 
represented in Figs. 3, 4, 5, 6, and 7 are probably 
almost pure D-—P interference effects. Again, 
from Eq. (2), and allowing for spin-dependence, 
the P-D interference term is of the form 


=5 cos0(3 cos?@—1) 
x[2 sink, sinKs cos(K,—K2— n) 
+sink, sink, cos(ki—k2—7) 
cos6(3 (12) 


using relation (11). 

We shall use the mean departures at cosé 
=—0.852 and cosé=0.852, at which angles 
cos6(3 cos?@—1) = 1, and call the average abso- 
lute values |5|. The phase shift Ke is then 
determined by the relation 


5(sin2K;—sin2k1) 


The results for Kz and k. (from Eq. (11)) are 


- shown in Table III. 
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It is self-evident that using the values of K, 
and kz determined in this way will reproduce the 
curves in Figs. 3, 4, 5, 6, and 7 reasonably well, 
This comparison will not be carried out in detail 
as it appears to be pushing the data farther than 
justifiable. If further refinement were attempted, 
one should next include the possibility that the 
quartet and doublet S-waves are not shifted by 
exactly the same amount. This would lead 
principally to an antisymmetric contribution 
through interference with the P-waves (since 
these are of opposite sign). A further anti- 
symmetric term that becomes of increasing 
importance as the energy increases will be the 
S-F interference. Refined analysis would also 
detect symmetrical contributions such as the 
S—D interference, the D*-terms and, finally, the 
possibility of spin-orbit coupling which gives 
waves that do not interfere with the other partial 
waves. Thus, the estimates of D-wave shifts 
presented in Table III characterize the limits of 
the experimental data in yielding to phase-shift 
analysis rather better than a final analysis of 
the phase shifts in the proton-deuteron scattering. 

This paper is based on work performed at 
Los Alamos Scientific Laboratory of the Uni- 
versity of California under Government Con- 
tract No. W-7405-eng-36, and the information 
contained therein will appear in Division V of 
the National Nuclear Energy Series (Manhattan 
Project Technical Section), as part of the contri- 
bution of the Los Alamos Laboratory. 
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Proton-Gamma-Ray Coincidence Counting with Cyclotron Bombardment* 


Bruce B. Benson** 
Sloane Physics Laboratory, Yale University,*** New Haven, Connecticut 


(Received September 18, 1947) 


A technique is given for studying associations between protons and gamma-rays emitted when 
a target is bombarded with particles from the cyclotron. A description is included of the theo- 
retical considerations involved and of the apparatus developed. The results on the Al*’(a, p)Si** 
reaction indicate that no gamma-rays accompany the end group of protons, while other groups 
exhibit coincidences. The coincidence rate increases with excitation energy. This may be due to 
cascade transitions giving more quanta, or to increased sensitivity for higher energy quanta. 
The fourth group observed with zero-degree bombardment is shown to be a composite of 
knock-on protons and protons from the reaction. A brief proton group study is included with 
Q values in essential agreement with previous work. 


1. INTRODUCTION 


NE method of studying nuclear energy levels 

is the observation of proton groups from 
(a, p) and (d,p) reactions. These groups are 
usually ascribed to the formation of the residual 
nuclei in various energy states, the end group 
corresponding to the ground state. The nuclei 
which are excited then revert to the ground state 


with the emission of gamma-rays. If this inter- 
pretation and the energy levels derived from 
proton data are correct, coincidences should oc- 
cur between gamma-rays and appropriate proton 
groups. 

Because of the intrinsic difficulties involved, 
relatively little has been done on the gamma- 
radiation produced in such bombardment. Still 
fewer experiments have been carried out on co- 
incidences between particles and gamma-rays 
emitted in transmutation reactions. Bothe and 
v. Baeyer! first observed proton-gamma-coinci- 
dences in the bombardment of boron by polonium 
alpha-particles. They found no genuine coinci- 
dences with the end group of protons, while the 
next group exhibited coincidences. Maier-Leib- 
nitz,? using a paraffin “proton radiator’’ for the 
neutrons, found neutron-gamma-coincidences in 
the Be*(a, ~)C reaction. He and Bothe* also 


* Part of a dissertation presented to the Graduate School 
of Yale University, in partial fulfillment of the require- 
ments for the d of Doctor of Philosophy. 

** Now at Amherst College, Amherst, Massachusetts. 

*** Assisted by the Office.of Naval Research under con- 
tract N6ori-44. 

1H. J. v. Baeyer, Zeits. f. Physik 95, 417 (1935). 

2H. Maier-Leibnitz, Zeits. f. Physik 101, 478 (1936). 
on “io = and H. Maier-Leibnitz, Zeits. f. Physik 107, 


repeated the boron experiment. In these experi- 
ments natural alpha-particle sources were used. 

The purpose of the present work has been to 
develop a technique by which proton-gamma- 
coincidence work could be done with cyclotron 
bombardment. The instrumentation problems 
for coincidence work with cyclotron bombard- 
ment are considerable, primarily because of the 
background radiation from the machine and be- 
cause of the limitations on possible solid angles 
for the counters with respect to the target. The 
apparatus developed to meet these difficulties is 
described below with the first results obtained in 
the study of the Al??(a, p)Si*® reaction. This reac- 
tion was chosen for developing the technique for 
two reasons. First, aluminum is a single stable 
isotope for which the proton groups from alpha- 
particle bombardment are well known. Second, 
the background radiation problem is smaller with 
alpha-particles than with deuterons. Once estab- 
lished, the method may be applied to other 
reactions. 

The general procedure employed consisted of 
bombarding a thin target with particles from the 
cyclotron. Proportional counters, of appropriate 
designs, were used to record emitted protons and 
gamma-rays, respectively. Pulses from each 
counter were fed to a preamplifier and then to a 
high gain video amplifier. The amplified pulses 
were mixed in a coincidence circuit of special 
design, and coincidence pulses were recorded on 
a mechanical recorder. 

Proportional counters were chosen for three 
reasons. First, since in the proportional counter 
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the pulses depend primarily upon the collection 
of electrons, the time lag uncertainty between 
the formation of the primary ionization and the 
occurrence of the counter pulse is smaller than 
with Geiger-Miiller counters. This makes pos- 
sible the use of fast electronic circuits without 
loss of genuine coincidences. Second, the propor- 
tional counter and its preamplifier recover very 
rapidly. Third, with a proportional counter for 
protons it is possible to set the counting level so 
that only those protons near the ends of their 
ranges will produce sufficient ionization to record 
in the counting circuits and Bragg “‘peaking”’ 
results. This allows one to examine each group 
separately in coincidence counting. 


2. NUMERICAL CONSIDERATIONS 


Most of the basic ideas involved in coincidence 
counting may be found in v. Baeyer’s original 
paper.' Dunworth‘ has treated the method in 
greater detail with special reference to radio- 
active decay schemes. Because of the occurrence 
of gamma-rays from the several competing reac- 
tions in target bombardment, and because peak- 
ing of the proton counter was employed, the 
equations which apply in the present case are 
somewhat different and more complicated. 

Let N, and N, be the counting rates per second 
in the two counters, C, and C, the genuine and 
chance coincidence rates per second, e, and e, 
the intrinsic counter efficiencies, 2, and Q, the 
counter-solid angles expressed as fractions of the 
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LOOKING INTO BLAM. 
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Fic. 1. Top view of the geometry for proton counting, 
showing, from right to left, the extension tube from the 
clotron, the rectangular limiting slit, the bombardment 
chamber and target, and the proton counter with its foil 
holder. The inset shows the target area hit by the beam. 


‘J. V. Dunworth, Rev. Sci. Inst. 11, 167 (1940). 


total sphere about the target, B the beam in 
particles per second, kp, kn, and k, the yields per 
bombarding particle for the production of pro- 
tons, neutrons, and inelastically scattered alpha- 
particles. Then 


Ny = pikpBeQ,, (1) 


where p; represents the fraction of the total 
number of protons produced that occur in the 
ith proton group. This factor appears because of 
the use of peaking. With this type of operation 
cosmic rays, gamma-rays, and beta-particles do 
not record in the proton counter. The background 
arising from neutrons in the proton counter is 
negligible when an alpha-particle beam is used. 

Representing by W, the average number of 
gamma-rays emitted per proton (protons of all 
energies are considered here), and by W, and W, 
the average number of gamma-rays emitted per 
neutron and per inelastically scattered alpha- 
particle, respectively : 


N, = Wyk pBey,2, + WaknBeyn2Q, 
+ W.R,Bé,,Q, +é,F(B), (2) 


where F(B) is the number of gamma-rays or 
cosmic rays incident upon the gamma-counter 
per second from sources other than the target. It 
is obviously some increasing function of B. Be- 
cause the gamma-counter efficiency is a function 
of the gamma-ray energy, the e,’s in Eq. (2) must 
be interpreted as the weighted mean values of 
the efficiencies for all the different gamma-rays 
associated, respectively, with each type of par- 
ticle. The additional subscript on the é’s refers 
to the origin of the radiation, proton, neutron, 
etc. This expression obviously has too many un- 
knowns to be of much value in itself. Its im- 
portance, however, lies in enabling one to write 
down the approximate Eq. (5). 

If we assume that no angular correlation exists 
between associated protons and gamma-rays, the 
number of genuine proton-gamma-coincidences 
per second (corresponding to the ith proton 


group) is 
C, (pikpBe,Q,)Q, Wi 
I= 


(3) 
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Fic. 2. Drawing of the details 
of the proton counter designed 
for large solid angle. The counter 
was connected directly to the 
preamplifier case. 


where w,; is the average number of gamma-rays 
of energy hv; associated with each proton in 
group 7. Since “branching” may occur, w;; may 
have any positive value, including fractional 
ones. The corresponding efficiency of the count- 
ing system for each gamma-ray is e,;. If branch- 
ing does not occur, Eq. (3) becomes 


C,=N,2,wé,, (3a) 


where w, is the number of gamma-rays associated 
with each proton of the ith group, and é@, is the 
average efficiency for the gamma-rays associated 
with these protons. For the number of chance 
coincidences per second we have 


C.=2TN,N,, (4) 


where T is the resolving time of the counting 
circuit. Substituting the expressions for NV, and 
N, from (1) and (2) into (4), and dividing the 
resulting expression by (3a), we obtain 


C. 27TB 2T F(B) 
Wiakn+ W.R, . (5) 


W; w,Q, 


The simplest case has been taken, with @,=é@,, 
= Cyn = Ey, = 

Equation (5) and either (3) or (3a) are very 
useful qualitatively in designing the apparatus. 
In order to make C, large, while keeping C./C, 
small, it is desirable to have Q,, 2,, ep, and e, as 
large as possible. On the other hand, T should 


silver solder 
soft solder 
© solder 


TO 
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be as small as possible, and the smallest beam 
intensity B consistent with yield is preferable. 
This minimizes not only the first term in (5) but 
also the second, since F(B) is an increasing func- 
tion of B. Good gamma-counter shielding is im- 
perative to keep F(B) small. 

In a given experiment the total coincidence 
rate with the ith group of protons is measured, 
as well as N, and N,. Since the proton counter 
is insensitive to cosmic rays, beta-particles, and 
gamma-rays, one needs only to calculate C, from 
(4) and subtract this from the total coincidence 
rate to obtain C,. Taking the ratio C,/(N,2,), 
one obtains a value for }> wie,;. This coupled 


with a knowledge of the proton group energy 
spacing, and the gamma-counter efficiency vs. hy 
curve, enables one to clarify the level scheme. 


3. EXPERIMENTAL APPARATUS 


The apparatus designed and constructed to ful- 
fill as well as possible the above criteria is 
described below. A zero-degree bombardment 
chamber, Figs. 1 and 3, was chosen because of 
the large proton solid angle possible. The circular 
brass flange, into which was silver soldered the 
cylindrical brass tube, was bolted through a 
rubber-gasket vacuum seal to the tube leading 
to the cyclotron ‘“‘can.” Insulating bushings were 
used for the bolts so that the beam intensity 
could be measured by simply clipping a gal- 
vanometer lead to the chamber flange. The 
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Fic. 3. Photograph showing the cyclotron magnet, with 
the extension tube leading out to the bombardment 
chamber. Part of the lea shielding is 
shown. The target was immediately behind the aluminum 
proton “window.” 


bombardment-chamber tube was made as small 
as possible to allow a large 2,. An aluminum-foil 
(8.36-cm air—corrected for stretching under 
vacuum) proton window was waxed to the end 
of the chamber. 

Immediately inside the window was placed a 
thin aluminum foil (1.01-cm air), backed by a 
gold foil of 8.60-cm air (stopping power taken as 
5.20), which stopped the bombarding alpha- 
particles. These foils were carefully cleaned and 
were held in good metallic contact with the 
chamber by the inner friction tube shown in 
Fig. 1. The total bombardment chamber wall 
thickness through which gamma-rays had to pass 
was one-eighth inch. This will be reduced in 
future work to minimize absorption of weak 


Fig. 4. Phot 
and below the late, for 
further shielding, was a over the nose of the Seolieed- 


ph of the gamma-counters in bes above 
mbardment chamber. A lea 


ment chamber. The tube between each counter and its 
mplifier was necessary to keep the latter out of the 
ringing field. 


gamma-rays. The beam passed through a lead 
plate with a rectangular hole in it, which limited 
the beam to hitting the target only. The iron 
tube acted as a partial magnetic shield in getting 
the beam away from the machine. 

The proton proportional counter, Figs. 1 and 2, 
was especially designed to give a large proton 
solid angle. The wire was 5-mil platinum with the 
unattached end melted into a tiny platinum ball 
and then coated with glass. This made the 
counter effective over nearly its entire cathode 
diameter. The large window was a 4.54-cm air 
(corrected for stretching) aluminum foil. The 
L-shaped shield, connecting the counter to the 
preamplifier case, was necessary because of space 
limitations near the cyclotron magnet yoke. The 
axis of the counter was parallel to the center of 
the beam. 

Pure argon at 20 cm of Hg was used, with 
cathode potentials ranging from 740 to 1000 
volts. The depth (beyond the window) to which 
protons had to penetrate in order to count (biases 
set for peaking) was calculated from data taken 
with ThC’ alpha-particles to be approximately 
(0.6+0.2) cm air. No attempt at great accuracy 
was made because of the poor proton-counting 
geometry necessary for the coincidence work. A 
foil holder was slipped over the nose of the 
counter so that carefully calibrated aluminum 
foils (1.518 mg/cm? equivalent to one cm air) 
could be placed between target and counter. The 
total basic absorption for the protons emitted at 
zero degrees was 25.1 cm air, subject, of course, 
to variation in stopping power with proton 
energy. 

Because of the large collection angle for pro- 
tons (the effective solid angle for coincidence 
counting was approximately 0.07) with the corre- 
sponding variation in both proton energies and 
basic absorption, extrapolated beam energies 
were used. Even then, how they should be ex- 
trapolated under the above conditions led to 
some uncertainty in measuring ranges. Clearly, 
this apparatus, designed for coincidence work, 
was not expected to give precision Q values. 
Those given below were obtained as a necessary 
by-product of the coincidence work. 

The gamma-ray counter has been described in 
an earlier publication. A photograph of it with 
~ 5B. B. Benson, Rev. Sci. Inst. 17, 533 (1946). 
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its preamplifier is included in Fig. 4. The counter 
was long and large for large gamma-solid angle. 
Since the preamplifier did not operate properly 
in the fringing field of the cyclotron magnet coils, 
it was found necessary to build the intermediate 
cylindrical shield to bring the preamplifier further 
away from the magnet, where it operated satis- 
factorily. Pure argon at 50 cm of Hg, and a 
cathode potential of 1600 volts were used for the 
work reported here. This corresponded to opera- 
tion in the transition region between true propor- 
tional counting and Geiger counting, and gave a 
reasonably high efficiency while still retaining the 
desirable features of a proportional counter. The 
average gamma-solid angle was approximately 
0.08. 

As shown in Figs. 3 and 4, between four and 
five inches of lead shielding was placed between 
all parts of the cyclotron acceleration chamber 
and the gamma-counter. This reduced the cy- 
clotron gamma-background to the point of being 
negligible with an alpha-particle beam. The sec- 
ond gamma-counter, shown in Fig. 4, was built 
originally to increase the gamma-ray solid angle 
but was found more useful as a control unit, with 
the voltage turned down, to eliminate line dis- 
turbance which got past the voltage regulators. 
Any coincidence counts which occurred simul- 
taneously with one from this counter were 
thrown out. Very few of these spurious counts 
occurred, however. 

The circuit diagram for the counter preampli- 
fiers* is given in Fig. 5. The variable capacitive 
feedback from the plate of the second tube to the 
control grid of the first tube made possible the 
neutralization of the capacity of the input part 
of the circuit, including the counter and its lead, 
almost to the point where self-oscillation set in. 
In this way very narrow pulses with a steep rate 
of rise were possible. The signal-to-noise ratio 
was still ample. The fourth tube acted as a 
cathode-follower impedance transformer, trans- 
ferring pulses from a high impedance level to a 
low one, for transmission through 75-ohm termi- 
nated cable to an attenuator box on the video 
amplifier. This prevented r-f pick-up, as well as 
minimized pulse attenuation in going from the 
cyclotron room, where the preamplifiers were, to 


*H. L. Schultz, Phys. Rev. 69, 689 (1946). 


the control room, where the remainder of the 
circuits were located for easy adjustment while 
running. The video amplifiers and regulated 
power supplies have been reported previously.® 
The gain of the amplifiers was approximately 80 
db, with a band width of four megacycles per 
second. The amplified counter pulses, as deter- 
mined with a synchroscope, were about one 
microsecond in half-width and had a rate of rise 
of less than 10~’ sec. 

The circuit diagram for the coincidence circuit 
is shown in Fig. 6. Each of the two channels con- 
tained, in order, a buffer stage, a diode discrimi- 
nator with variable bias, and two stages of 
amplification, after which the pulses were fed 
into a blocking oscillator pulse-sharpening stage. 
The special feature of this arrangement was that 
a blocking oscillator pulse of constant shape and 
size was initiated by the first part of the leading 
edge of the amplified pulse coming in. Neglecting 
the delay of perhaps 10-7 sec., which was the 
same in both amplifier channels, the position in 
time of the front edge of the blocking oscillator 
pulse was essentially coincident-with the first ar- 
rival of electrons on the counter wire. Therefore, 
since electron transit times are of the order of 
only 10-* sec., the variation in the time correla- 
tion between the formation of the primary ioniza- 
tion and the initiation of the blocking-oscillator 
pulse was much less than the rate of rise, which 
was only 10~’ sec. Clearly, it was desirable to set 
the discriminator biases as near “‘noise”’ as pos- 
sible. The resolving time was determined pri- 
marily by the width (about 0.3 sec.) of the’ 


Fic. 5. 105-volt capacity-neutralized poner for No. 
2 y-counter and for proton counter..The variable capacitive 
feedback from the plate of the second tube to the grid of 
the first made it ible to neutralize the input capacity 
of the system and thus attain a very rapid rate of rise. 
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Fic. 6. Circuit diagram for the coincidence circuit, with a pulse-sharpening blocking-oscillator 
stage in each channel. The resolving time was 5X 10-7 second. 


blocking-oscillator pulses. This agreed with the 
value for T of approximately 5X 10-7 sec. deter- 
mined from Eq. (4). 

The mixer tube was a 6AC7 pentode, with the 
grids biased below cut-off. A multivibrator out- 
put stage was used, with a 6V6 tube driving the 
recorder. Before the coincidence runs the pin jack 
on the output of the gamma-channel blocking 
oscillator was used with a counting rate meter to 
calibrate the gamma-counter rate as a function 
of beam intensity. During coincidence runs the 
protons were recorded by connecting a modified 
Higinbotham scaling circuit to the output of the 
buffer tube connected to the proton blocking 
oscillator. This prevented any possible inter- 
action with the coincidence circuit proper be- 
’ cause of loading of the blocking oscillator. The 
scaling circuit actuated a mechanical recorder. 

The amplifier of the second gamma-counter, 
used as a control only, was connected separately 
to its own recording circuit. 

TABLE I. Summary of the results of the proton counting 


on AP"(a, p)Si®*, with the Q values of Duncanson and 
Miller,* Haxel,® and Meerhaut!® included for comparison. 


Q-values (Mev) 
si” 
excita- 
tion 


Proton Q-value 
(Mev) 


energy (Mev) Haxel Meerhaut 


9.34 0 
6.98 .28 
5.55 -66 
4.2~- 

4.65 to 6 


4. DATA ON THE REACTION Al"(a, p)Si*’ 


1. The proton groups from this reaction have 
been studied by many workers. The work prior 
to 1937 accepted by Livingston and Bethe’ as 
being the most authoritative is that of Duncan- 
son and Miller,* and of Haxel.® Meerhaut"® found 
essential agreement with them in 1940. Since all 
the previous studies were done with natural 
alpha-particles, the following data, obtained pri- 
marily as an aid in orientation in the coincidence 
work, are of some interest in themselves, despite 
the poor geometry necessary. 

Figure 7 is a plot of the proton-yield vs. proton- 
absorption data. The proton counter was set for 
the best possible peaking. The ‘‘unit beam” was 
approximately 2.5 10-* microampere of alpha- 
particles, and one-minute counts were taken. To 
obtain the actual number of counts per minute 
multiply ordinates by 0.7. The small dip in the 
peak of the second group is interesting in that it 
appeared in all of the single runs whose composite 
is shown. 

Two auxiliary experiments were carried out on 
the fourth group, since both the fourth group 
observed by Duncanson and Miller® with right- 
angle bombardment and any knock-on protons 
from hydrogenous contamination were to be 


7M. S. Livingston and H. A. Bethe, Rev. Mod. Phys. 
9, 301 (1937). 

§W. E. Duncanson and H. Miller, Proc. Roy. Soc. 146, 
396 (1934), 

*O. Haxel, Zeits. f. Physik 83, 323 (1933); 88, 346 (1934); 
90, 373 (1934). 

1©Q. Meerhaut, Zeits. f. Physik 115, 77 (1940). 
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expected here. A brief run was taken with 
the aluminum target removed, the beam hit- 
ting the gold backing. A proton yield was ob- 
served at an absorption corresponding to the 
fourth group and of the same order of yield. 
Another run was taken with a thin layer of 
vacuum grease smeared on the gold backing. A 
proton yield at the same absorption, but of ap- 
proximately 100 times greater yield, was ob- 
served. The group consisted, therefore, at least 
largely of knock-on protons, although the coinci- 
dence work showed that some protons were truly 
associated with the aluminum reaction. 

In Table I the extrapolated (and corrected) 
proton ranges, energies, and corresponding Q 
values from the present work are given, with the 
Si*® excitation levels derived therefrom. An ex- 
trapolated alpha-particle beam energy of 7.3 
Mev was used. In addition, the Q values of 
Duncanson and Miller, Haxel, and Meerhaut 
are included. 

II. In the coincidence work the voltage on the 
proton counter was set as high as possible (for 
high efficiency), subject to being somewhat below 
where beta-particles would record. The proton- 
yield curve with the counting system set as for 
coincidence counting is shown in Fig. 8. It should 
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_ Fic. 7. Graph of the composite proton yield vs. absor 
tion data, with‘biases set for the best possible peaking. The 
small dip inthe second group occurred in each of the 
separate runs. 


be noted that the groups were separated, a fact 
which is important in the interpretation below. 

The method employed in the coincidence 
studies was to set the proton absorption at each 
of the values indicated on Fig. 8 by the abscissae 
of the five vertical lines shown, i.e., 25-, 33.8-, 
50.6-, 78.0-, and 89.7-cm air, respectively. The 
proton absorption was also set at “‘infinity’’ by 
inserting a ;g-in. thick copper plate to stop all 
protons. This was a second control to check that 
the circuits were operating properly. At each of 
the absorptions the number of proton-gamma- 
coincidences per 1600 recorded protons was 
measured. The runs were taken in a random 
fashion so far as the value of the absorption was 
concerned, with an average of approximately 
35-40 runs at each absorption. This method was 
chosen for three reasons: (1) Any slight fluctua- 
tions in counter efficiencies or cyclotron condi- 
tions canceled out. (2) The number of chance 
coincidences at each absorption was approxi- 
mately the same, since although the proton 
counting rates at each absorption were different, 
those with low rates were counted on for longer 
times. (3) The number of genuine coincidences 
per proton allowed not only information on the 
gamma-counter efficiency to be found, but also 
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6.000 GAMMA-RAY COINCIDENCE COUNTING 
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number of p-7 comcidences (corrected) 
Per 1.000 protons at thet absorption 
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Fic. 8. Graph of the proton yield vs. absorption data, 
with biases set for coincidence counting. Compare the 
elds of Figs. 7 and 8. The numbers above the vertical 
nes indicate the number of genuine proton-gamma- 
coincidences per 10* protons at each of the five values of 


absorption. 


g 


lave 
rior | 
can- 
und 
> all 4 
ural 
pri- | 
nce 
pite 
ton- 4 
for 
was ; 
yha- 

| 
Jute 
the 
it it 
site 
ton 
oup | 
ons | | 
be 
| Si 2 

hys. 
146, 
34); 


TaBLeE II. Summary of the results of the proton-gamma- 
coincidence counting on the reaction Al?"(a, p)Si*. 


Gen- 


uine 
a Ap. >. coinc. 
bsorp- prox. pected Gen- per 
tion total No. chance uine 104 Probable 
(cm No. No. time coinc.coinc. coinc. pro- error in 
Group air) runs protons (min)Ctota: Ce ¢ ton C,/10 
1 89.7 32 51,200 64 3 3 0 0 — 
78.0 7 11,200 35 0 0.7 0 0 -- 
2 506 37 59,200 15 37 4 33 55.6 
3 33.8 39 62,400 20 64 4 60 96 +0.85 
4 25.0 43 68,800 8 10 45 S55 O8 +03 


yielded information concerning gamma-ray tran- 
sitions. The beam intensity was recorded each 
time (so that a knowledge of an average N, was 
possible) as well as the length of time for each 
run. All circuits were allowed to come to equi- 
librium before use. Table II is a summary of the 
results of the coincidence experiment on the 
aluminum reaction. The approximate probable 
errors were calculated by taking 


Cr)! C 
(Cr) x—xX0.67. 
C, 


5. DISCUSSION AND INTERPRETATION 


It should be noted that in approximately 32 
minutes of running (interspersed among the 
other runs), with an infinite absorption for the 
protons, no “coincidence” pulses occurred, indi- 
cating the circuits were operating satisfactorily. 
The number of expected chance coincidences was 
calculated in each case from Eq. (4), using a 
resolving time T of 510-7 sec. and an average 
N, equal to 65 per second (determined from the 
gamma-rate vs. beam calibration). Instead of 
considering NV, as a counting rate, the total number 
of protons recorded was used, giving the number 
of chance coincidences directly. 

The number of genuine gamma-ray coinci- 
dences observed with 51,200 protons in group 
one was zero, indicating that no gamma-rays are 
associated with the end group of protons. Be- 
cause, however, of the much lower efficiency of a 
copper cathode gamma-counter for very low 
energy radiation," one cannot exclude absolutely 
the possibility of a weak gamma-ray being associ- 
ated with the end group. In addition to the much 


1H, Bradt, P. C. Gugelot, O. Huber, H. Medicus, P. 
Preiswerk, and P. Scherrer, Helv. Phys. Acta 19, 77 (1946). 
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lower efficiency any weak radiation would have 
suffered greater absorption in the wall of the 


bombardment chamber and in the counter case, _ 
From the coincidence work alone, therefore, the — 
possibility of the association of a weak gamma- | 


ray with the end group cannot be ruled out, but 


it can be stated that (except for the existence of | 


a long-lived metastable state) the Si*® level corre- 
sponding to the end group cannot be more than 


a few tenths of a Mev above ground, for the © 


occurrence of an energetic gamma-ray or several 


low energy ones in cascade would show up | 
clearly. One means of clearing up this uncer- © 
tainty would be to use a gamma-counter with a | 
lead cathode, since its efficiency would not drop — 


so greatly for low energies. 
As further evidence, the high pressure ioniza- 
tion chamber work of Savel'? in 1934 may be 


cited. He found that two components existed — 
(one of 0.55 Mev and one of 2.1 Mev) in the 
gamma-radiation excited by the bombardment ~ 
of aluminum by polonium alpha-particles. The © 
former was attributed to annihilation and the © 


latter to the (a, p) reaction. 


Since the coincidence work excludes the possi- — 
bility of any gamma-rays of greater than a few © 
tenths of a Mev being associated with the end © 
group, while other work indicates that no radia- ~ 
tion of this order of energy is present (except for — 
pair annihilation radiation), the conclusion to be © 
drawn is that the end group leaves the Si*° in its © 
ground state, and mass values calculated on this _ 


basis are justifiable. 
The second group at 50.6-cm air gave 5.6 genu- 


ine coincidences per 10‘ protons. For lack of © 


evidence concerning any excitation level in Si* 
between 0 and 2:28 Mev, it is reasonable to as- 
sume that only one gamma-ray accompanies each 
proton. In this case Eq. (3) reduces to C,/N, 
=Q,e,, and putting in C,/N,=5.6X10~ and 
2,=0.08, we obtain ey,=7X10-* for hy=2.28 
Mev. The intrinsic efficiency of the gamma- 
counter at 1600 volts is therefore approximately 
half that of a Geiger-Miiller counter. With higher 
voltages the efficiency increases, being about 
at 1650 volts. 

For the third group (assuming no intermediate 
levels between 2.28 and 3.66 Mev) three possi- 


2 P, Savel, Comptes Rendus 198, 368 (1934). 
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bilities exist: (1) A direct transition to ground 
with one gamma-ray of 3.66 Mev for each proton; 
(2) a cascade transition with one 1.38- and one 
2.28-Mev gamma-ray accompanying each pro- 
ton; (3) branching, with both types of transitions 
occurring. The expected number of genuine co- 
incidences per 10‘ protons for the first two cases, 
assuming that no angular correlation exists and 
that the proportional gamma-counter followed 
the efficiency curve of a Geiger-Miiller counter, 
can be calculated." With eé2.23 equal to 710-, 
we get from simple proportions that e1.3;=4.1 
X10- and ¢3.66=9X10-*. The latter is obtained 
by extrapolating the brass curve. 

Therefore, in case 1, C,/N,=0.08X9X10-* 
=7.2 coincidences per 10‘ protons. In case 2, 
C,/N,p=0.08 X (7 X 10-*+-4.1 X 10-*) = 8.9 coinci- 
dences per 10‘ protons. The number of coinci- 
dences per. 10‘ protons actually observed with the 
third group was 9.6+0.85. The calculated value 
from case 1 thus lies outside the probable range 
of fluctuation, while that for case 2 lies within it. 
This may be taken as indication that the cascade 
transition is more likely than the direct transition 
to ground. Since this interpretation is based upon 
the assumptions above, and depends, further, 
upon how the efficiency curve is extrapolated out 
to 3.66 Mev, the efficiency curve for the propor- 
tional gamma-counter must be determined ex- 
perimentally before a conclusive statement can 
be made. 

Finally, the value of 0.8 coincidence per 10* 
protons for the fourth group indicates that while 
most of the protons in this group are not associ- 
ated with gamma-rays and are therefore knock- 
on protons, it is still possible to detect the pres- 
ence of those protons associated with the (a, p) 
reaction. The brief data at 78.0-cm air are insuffi- 
cient to make any quantitative statement, but 
the indication is that the first group is a single one. 


6. SUMMARY 


The first results of the application of the coinci- 
dence method to the study of the Al?’(a, p)Si*® 
reaction show that to a high degree of probability 


the end group of protons leaves the Si*® in its 
ground state. The coincidences observed with the 
second group have been used to calculate the 
efficiency of the gamma-counter for 2.28-Mev 
radiation. Preliminary results indicate that a cas- 
cade gamma-ray transition from the second ex- 
cited state in Si*®° may be more probable than the 
direct one to ground. The presence of protons 
associated with the third excited state has been 
demonstrated, despite the high background of 
knock-on protons. 

In considering further applications of the 
method to the study of nuclear transmutations, 
the following are possibilities: By producing the 
same residual nucleus in different ways, it is not 
only possible to see if the same levels occur in all 
cases, but also whether the same gamma-ray 
transitions occur. In this way information on any 
selection rules which may exist may be obtained. 
Further information may be obtained from the 
measurement of proton-gamma-coincidences per 
proton as a function of gamma-ray absorption, as 
well as from gamma-gamma-coincidence studies. 
The method should be applicable to the detection 
or examination of close nuclear ‘‘doublets’’ by 
measuring proton-gamma-coincidences per pro- 
ton as a function of proton absorption. With 
variable delay techniques metastable levels may 
be looked for and studied. Reactions may be ex- 
amined for angular correlations between protons 
and gamma-rays. The technique can be very use- 
ful in the interpretation of the proton groups 
obtained in the bombardment of multiple isotope 
elements. 
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The beta-stable nuclides are plotted in such a manner as to indicate the charge of maximum 
stability for odd mass numbers and the upper and lower limits of beta-stability for even mass 
and charge numbers. Curves representing these three quantities are drawn in following con- 
siderations based on the liquid-drop nuclear model, by which their positions can be determined 
fairly closely. The spacing between the curves is related to the parameters of the empirical 
mass equation of Bohr and Wheeler. The diagram is used to indicate the possibility of unde- 
tected natural radioactivities, and to suggest possible undiscovered or “missing” beta-stable 


nuclides. 


I. INTRODUCTION: THE LIQUID-DROP 
NUCLEAR MODEL 


ANY of the general properties of the 

atomic nucleus can be explained by the 
liquid-drop model proposed by Gamow! and 
developed by Heisenberg,? Wick,? Gamow,‘ 
Weizsacker,’ Bethe and Bacher,* Bohr and 
Kalckar,? Bohr and Wheeler,* and others. Ac- 
cording to this model, which is applicable when 
the number of nucleons is sufficiently large 
(=30), nuclear binding energies and atomic 
masses are smoothly varying functions of the 
numbers of constituent protons and neutrons. 
By treating the various nuclear forces in a 
statistical manner and estimating their mag- 
nitudes empirically, it is possible to reproduce 
the general trends of binding energies and 
masses. Superposed on these general trends are 
more rapid variations caused by quantum- 
mechanical effects not well understood, and 
alternations with even and odd character of the 
proton and neutron numbers caused by the 


1G. Gamow, Proc. Roy. Soc. (London) A123, 386 
(1929), A126, 632 (1930); Physik Zeits. 30, 717 (1929); 
Constitution of Atomic Nuclei and Radioactivity (Clarendon 
Press, Oxford, 1931), Chapter I. 

2W. Heisenberg, Zeits. f. Physik 77, 1 (1932), 78, 156, 
80, 587 (1933); “Rapport du VIliéme Congrés Solvay, 
Brussels, 1933,”’ 289 (1934). 

3G. C. Wick, Nuovo Cimento 11, 227 (1934). 

4G. Gamow, Zeits. f. Physik 89, 592 (1934); Structure of 
Atomic Nuclei and Nuclear Transformations (Clarendon 
Press, Oxford, 1937), Chapter II. 

5C. F. v. Weizsacker, Zeits. f. Physik 96, 431 (1935); 
Die Atomkerne (Akademische Verlagsgesellschaft, Leipzig, 
1937), Chapter IT. 

*H. A. Bethe and R. F. Bacher, Rev. Mod. Phys. 8, 
82 (1936); H. A. Bethe, Rev. Mod. Phys. 9, 69 (1937). 

7™N. Bohr and F. Kalckar, Kgl. Danske Vid. Sels. 
Math.-Fys. Medd. 14, No. 10 (1937). 

* N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 
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pairing of like elementary particles with opposite ; 


spin in otherwise identical quantum states. 


As a result of the latter effect, all nuclides* may — 
be divided into three general classes, those of odd — 


A, those of even A and even Z, and those of even 


A and odd Z, where A is the mass number and © 
Z the charge number. For each class, the nuclidic © 


mass” as a function of A and Z lies on a surface 


having the general shape of a valley. The three © 


surfaces have nearly the same shapes but are dis- 


placed vertically with respect to one another, the © 
even-A, even-Z surface lying lowest, the even-A, | 
odd-Z highest, and the odd-A midway between. — 
The cross sections of the surfaces are approxi- — 


mately symmetrical in the region of the valley. 
Beta-transitions occur when a nuclide occupies 

a higher position than that of a neighboring 

isobar.'! In beta-transitions all nuclides of odd A 


® The term nuclide, derived from nucle- (nuclear) and 
eldos (species), is used for ‘‘a species of atom characterized 
by the constitution of its nucleus, in particular by the 
numbers of protons and neutrons in its nucleus.” T. P. 
Kohman, Am. J. Phys. 15, 356 (1947). 

1 Tn this paper the masses considered are alomic rather 
then nuclear masses. Thus the energy release in a beta- 
transition (negatron emission, electron capture, or positron 
emission), being determined by the difference in mass 
between the initial and final atom, is given by the sum of 
the kinetic energies of the particles emitted, the rest-mass 
(if any) of the neutrino, and any quantum radiation 
accompanying the decay. The rest-masses of emitted or 
captured negative electrons are not included, but in the 
case of positron emission two election rest-masses must be 
included, since these are ultimately transformed to 
annihilation radiation. 

1 This is strictly true in all cases only if the rest-mass 
of the neutrino is zero, as is assumed for the present 
discussion. This is known to be at least very nearly true 
and is believed to be exactly true: E. Fermi, Zeits. f 
Physik 88, 161 (1934); H. A. Bethe and R. F. Bacher, 
Rev. Mod. Phys. 8, 82 (1936); E. J. Konopinski, Rev. Mod. 
Phys. 15, 209 (1943; W. E. Stephens, Rev. Mod. Phys. 
19, 19 (1947). 
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remain on the middle surface, while isobars of 
even A alternate between the upper and lower. 
The beta-stable nuclides are those having smaller 
masses than either of their neighboring isobars. 
For each odd A there is one and only one beta- 
stable isobar, for which Z is within one-half unit 
of Za, the coordinate of the bottom of the valley. 
For even A, in general, one, two or three isobars 
of even A are beta-stable and all others, including 
those of odd Z, are unstable. According to the 
statistical considerations on which the liquid- 
drop model is based, Z4 should be a smoothly 
varying function of A, and the region of stability 
for even-A, even-Z nuclides should be bounded 
by smoothly varying limits symmetrically dis- 
posed with respect to Z4. This paper describes a 
method for evaluating these quantities by an 
examination of the distribution of the beta- 
stable nuclides. 


II. DIAGRAMATIC REPRESENTATION OF THE 
BETA STABILITY LIMITS 


Diagrams and plots of the stable nuclides too 
numerous to cite have been published in early 
demonstrations of regularities and irregularities 
in their pattern of distribution. Gamow‘ in 1934 
used plots of the neutron-proton ratio versus A 
to locate Z, as a function of A within narrow 
confines. Separate plots were made for even A 
and odd A, each plot revealing definite windings 
in the path of beta-stability. The accuracy was 
limited by the then incomplete knowledge of the 
beta-stable nuclides. Bohr and Wheeler® deter- 
mined Z,4 more accurately by plotting the beta- 
stable odd-A nuclides, each with a vertical line 
extending one-half charge unit above and below 
the stable charge number to indicate the confines 
of the curve. A similar plot was made by lI. 
Joliot-Curie,"* who used additional data from the 
beta-stable even-A nuclides and from beta-disin- 
tegration energies to assist in localizing the curve. 

At the present time the isotopic constituents 
of the naturally occurring forms of the elements 
are known fairly completely.'* By making use of 


2], Joliot-Curie, J. de phys. et rad. [8] 6, 209 (1945). 

8F, W. Aston, Mass Spectra and Isotopes (Edward 
Arnold and Company, London, 1942), second edition; J. 
Mattauch and S. Fliigge, Nuclear Physics Tables (Verlag 
se Springer, Berlin, 1942—trans. Interscience Pub- 
ishers, a, York, 1946); G. T. Seaborg, Rev. Mod. 
Phys. 16, 1 (1944). 


the previously mentioned considerations based on 
the liquid-drop nuclear model, it is possible to 
determine the limits of beta-stability from a 
single plot in which both even-A and odd-A 
nuclides are represented. 

In Fig. 1 the abscissa is A and the ordinate 
U=Z-—0.4 A. The latter function of the charge 
has been chosen instead of the charge itself to 
eliminate the main part of the variation of Z 
with A, represented approximately by the term 
0.4 A. This allows all of the points of interest to 
be contained on one horizontal plot with large 
vertical separations. Thus, deviations from the 
general trend can be clearly seen, and a given 
change of A or of Z is represented similarly in any 
part of the chart. Values of Z are indicated at 
the top and by the sloping lines. 

Beta-stable odd-A nuclides are plotted as solid 
circles and even-A ones as open circles. From 
each solid circle there has been drawn, following 
the method of Bohr and Wheeler,’ a vertical line 
extending upward and downward by one-half 
unit. The curve representing Z, as a function of 
A must cross each of these lines. From the open 
circle representing the lowest beta-stable charge 
for each even A there has been drawn a line 
extending downward by two units. The curve 
representing the lower limit for beta-stability 
must cross each of these lines. From the open 
circle representing the highest beta-stable charge 
for even A there has been drawn a line extending 
upward by two units. The curve representing the 
upper limit for beta-stability must cross each of 
these lines. Where an even A has only one beta- 
stable isobar, both lines originate from the same 
point. 

The three curves are drawn in such a manner 
that each stays within its prescribed limits at all 
points, fluctuations are minimized, and the 
center line is vertically midway between the 
other two insofar as is possible. By this procedure 
the localization of each curve is influenced by the 
limits of the other two, and together their 
positions can be determined more closely than 
when each is considered separately. Only in the 
region 150<A <190 is it impossible to keep the 
vertical spacings equal. 

This procedure can be followed only up to the 
region of the heavy natural radioelements. 
Beyond lead, many of the beta-stable nuclides 
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are missing because of alpha-instability, and the 
beta-stability or -lability of the short-lived 
alpha-emitters cannot be determined in all 
cases. Such of the heavy natural radionuclides as 
are fairly certainly beta-stable, and those of the 
heavy synthetic radionuclides for which informa- 
tion has been published,'‘‘are included in the 
plot, but the positions of the lines for A > 200 are 
only rough approximations. The treatment for 
small values of A is described below. 

Viewing Fig. 1 as a whole, it is seen that the 
beta-stable even-A even-Z nuclides occupy a 
definite path bounded by the upper and lower 
curves. In the center of this path is a narrower 
path occupied by the beta-stable odd-A nuclides. 
The boundaries of the latter path are two lines, 
respectively, one-half charge unit above and 
below the center line; these have been omitted 
from the diagram to avoid crowding. The curve 
of maximum stability shows definite wave-like 
variations superposed on the long-range vari- 
ation, as was shown by Gamow.*‘ The Z, values 
of Bohr and Wheeler® follow those of Fig. 1 
closely, especially in the region 97£A<€145 
where their curve is shown in detail. The plot of 
Joliot-Curie,” when replotted on the coordinate 
system of Fig. 1, shows numerous irregular fluc- 
tuations about the position of the present curve. 
It will be recalled that the latter was inten- 
tionally made as smooth as was consistent with 
the data used. Undoubtedly short-range fluctua- 
tions do occur, and the curves of Fig. 1 are, 
therefore, to be considered as mean positions 
only. 


4G, T. Seaborg, E. M. McMillan, J. W. Kennedy, and 
A. C. Wahl, Phys. Rev. 69, 366 (1946); G. T. Seaborg, 
A. C. Wahl, and J. W. Kennedy, Phys. Rev. 69, 367 
(1946); G. T. Seaborg, Chem. Eng. News 23, 2190 (1945), 
25, 358 (1947), Science 104, 379 (1946); G. T. Seaborg, 
J. W. Gofman, and R. W. Stoughton, Phys. Rev. 71, 378 
(1947); G. T. Seaborg, and others, reported by J. M. Cork, 
Radioactivity and Nuclear Physics (Edwards Brothers, Inc., 
Ann Arbor, 1946 and D. Van Nostrand Company, Inc., 
New York, 1947), Chapter XII; F. Hagemann, L. I. 
Katzin, M. H. Studier, A. Ghiorso, and G. T. Seaborg, 
Phys. Rev. 72, 252 (1947); A. C. English, T. E. Cranshaw, 
P. Demers, J. A. Harvey, E. P. Hincks, J. V. Jelley, and 
A. N. May, Phys. Rev. 72, 253 (1947). 

16 Joliot-Curie defined Z4 in terms of nuclear rather 
than atomic masses. Thus her curve of maximum stability 
is not centrally disposed with respect to the distribution 
of the stable nuclides, but lies above the present curve on 
the average by the electron rest-mass (0.51 Mev) divided 
by Bz (see next section), or a few tenths of a charge unit. 


Ill. THE BETA-STABILITY LIMITS IN TERMS oF 
THE BOHR-WHEELER EMPIRICAL MASS 
EQUATION 
Bohr and Wheeler*® have shown that the semj. 
theoretical semi-empirical atomic-mass equation 
given by Bethe and Bacher’* can be transposed 
into the following more convenient form: 


or 0, 


Here Ma,,z is the mass of a nuclide of mag 
number A and charge number Z, f, is the packing 
fraction of the hypothetical odd-A isobar of 
greatest stability having charge Z, (not neces. 
sarily integral), Ba represents the steepness of 
the walls of the valley of the mass surface, and 
54 is the apparent energy of pairing of nucleonic 
spins, the last term!’ being taken negative for 
even A and even Z, positive for even A and odd 
Z, and zero for odd A. 

The parameters fs, Ba, and Z,4 can be ex. 
pressed in terms of the more fundamental param. 
eters representing the properties of the nuclear 
fluid. When the latter parameters are evaluated 
empirically, the Bohr-Wheeler equation cor. 
rectly expresses the observed general trends of 
atomic masses. However, the short-period varia. 
tions are not reproduced. Consequently, Bohr 
and Wheeler proposed to use their equation 
with its parameters determined empirically as 
functions of A, independently of the theory. They 
evaluated f, from mass-spectrographic data and 
estimated Z,4 from the values of Z for stable 
odd-A nuclides. In the absence of sufficient data 
on radioactive disintegration energies, Ba, was 
calculated from Za, according to a theoretical 
relationship. 54 was then estimated from the 
limits of stable even-A nuclides and from some 
radioactive disintegration energies. Subsequently, 
Joliot-Curie!* undertook a completely empirical 
evaluation of Z4, Ba, and 4,4 as functions of A. 
With the parameters so determined, the Bohr- 
Wheeler empirical equation, though divested of 
much of its theoretical significance, is quite 
useful in practical correlations of atomic masses 
and predictions of disintegration energies. 

The beta-stability limits are readily expressed 
in terms of the parameters of the Bohr-Wheeler 


16 Equation (182) of reference 6, based on the liquid-drop 
nuclear model, and modified from Weizsacker (reference 5). 

17 Added by Bohr and Wheeler following Heisenberg 
(reference 2). 
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equation. The equation yields for the energy, Although the statistical treatment of the 
E_, released by the emission of a negative beta- nucleus is not valid for small numbers of nucleons 
particle by an even-A even-Z nuclide of charge Z (A~S30), it is of interest that a slight modification 


he semi. allows the scheme of the diagram to be extended 
meal E_=Ba(Za~Z—4) —b4. all the way down to A=1. Throughout the 
ss For a hypothetical nuclide just at the lower limit region of validity of the statistical model, 

of stability, whose charge is Z,’, Ba <264, S4>1, and all even-A odd-Z nuclides 

or 0, = B4(Za—Za'—4)—8,=0 are unstable. But if B4>2é,4, as is the case for y 
of mas ANS30, then S, <1; and if for a given A no even § 
packing Consequently, Z lies between the limits Z4+5Sua, the isobar of 
obar of ba odd Z which does will be beta-stable. This may 
t neces nes % ade be considered to be the case for mass numbers 2, 
ones of where 6, 10, and 14; therefore, from the points in F ig. 1 
ace, and 44 representing ,H?, ;Li®, and ;N", a line is 

ucleonic “™ Ras drawn extending one unit upward and one unit 

tive fer downward. The limiting even-A curves must a 
and odd Similarly, the upper limit, Z4”, is given by cross these lines, which fix their positions fairly 

Za" =ZatS closely in this region. The curves as drawn cor- 

ne . ssiuianasl respond to such known facts as the small disin- 
param S, is thus the vertical spacing between the tegration energies of H* and C™ and the approxi- >, 
nuclear curves of Fig. 1. The lower and upper stability mate equality in mass of the ground states of i" 
aluated limits for odd-A nuclides are Z4—4$ and Z4+4, and Li’®. 
m col respectively. Figure 1 was constructed as a part of a plan ; 
ends of 
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Fic. 1. The limits of beta-stability as determined from the beta-stable nuclides. 
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to determine the validity of the parabolic mass 
expression of Bohr and Wheeler and to evaluate 
the best empirical values of the parameters. 
However, this relation was not involved in the 
construction of the diagram. The curves can, of 
course, be placed more accurately by making use 
of disintegration energies, but for the present 
purpose only a few beta-disintegration energies 
were used as qualitative guides. It is evident 
that a knowledge of the beta-stable nuclides is 
by itself sufficient for a fairly close determination 
of the charge of maximum stability and the 
limits of beta-stability. 


IV. APPLICATIONS OF THE BETA-STABILITY 
DIAGRAM 


Besides clearly indicating the trends of nuclear 
stability, the beta-stability diagram has addi- 
tional value, as may be demonstrated by several 
examples of its usefulness. 


Relative Stability of Neighboring 
Odd-A Isobars 


Four odd mass numbers, 113, 115, 123, and 
187, have two neighboring apparently beta- 
stable isobars. In each case one should have a 
greater mass than the other and transform to it 
by a beta-transition.!! From the position of the 


TABLE I. 

A B Cc 
ps Mn* Si® Ti* Ca*® 
As Tis Kr78 
Ni® La? Cre 
Se? 6116 Fe® Zr 
129 Ho'® Cd"§* Nad Sn 
wis Yb'* Sm™ 
Prise Hg Erie 
Pb 
Os!# 


A: aoe 5 eae. A nuclides of low disintegration energy, some of which 

be sufficiently long-lived to exist as natural radioactivities, 

B: nA, even-A, even-Z nuclides on or near the limits of beta- 

stability, some of which may be beta-stable but undiscovered 

or missing in nature, and some of which may be sufficiently 
long-lived to exist as natural radioactivities. 

C: apparently stable even-A, even-Z nuclides on or near the limits of 

beta-stability, some of which may be beta-labile with long 


lifetimes. 
—: nuclides which if beta-labile would emit negative beta-particles. 
ters 


etimes. 


+: nuclides which if beta-labile would capture electrons. 
ae which if beta-active 


would be accom: 
of large disintegration energies and 
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Za curve it can be predicted that Sn"! is prob. 
ably unstable with respect to electron capture 
to form In''5, and Sb’** is probably unstable with 
respect to negatron emission to form Te?®*, Fo, 
the other two pairs, and 
no choice can be made. The reported’® activity 
of Os'®? has recently been questioned, with 
indications that Re'*’ instead is radioactive.™ 
If this is the case, the point representing Rel 
must be removed and the stability curves raised 
slightly in this region. 


Odd-A Nuclides of Low Beta-Disin- 
tegration Energy 

By inspection of the diagram it is possible to 
locate positions corresponding to odd-A nuclides 
of low beta-disintegration energy. Those whose 
radioactive properties are not known are listed 
in Table I-A. These should all be long-lived, and 
in some cases the long lifetimes have been the 
reason for their non-discovery. 

If it is assumed that the universe is 3X10! 
years old and that at the time of its origin 
all stable and nearly stable isotopes of an ele- 
ment were present in comparable amounts, 
the half-life of a nuclide would, in general, have 
to be ©1.5X10* years in order for detectable 
amounts to remain, S4X108 years in order not 
to have been discovered mass spectrometrically, 
and S2X108 years not to have been discovered 
radiometrically unless the radiations are ex- 
tremely soft. There is thus a small but finite 
chance that traces of one or more of the nuclides 
of Table I-A may remain as natural radioac- 
tivities. ?! 


Even-A, Even-Z Nuclides Possibly Beta- 
Stable and “Missing,” or of Low 
Disintegration Energy 

The position of Sm'° is well within the region 
of beta-stability, and its absence (at least in 


#8 A similar prediction has been made by E. D. Eastman 
on the basis of atomic-mass calculations, Phys. Rev. 46, 
1 ag ~ 5 and of the common occurrence of indium in tin 
ores, Phys. Rev. 52, 1226 (1937). 

( 19 F, ae Lougher and S. Rowlands, Nature 153, 374 
1944 


). 
20 W. F. Libby and S. N. Naldrett, private communica- 


tion. 

21S. Katcoff, Phys. Rev. 71, 826 (1947) has presented 
evidence for the possible presence of I'* to the extent of 
about one part million in natural iodine, suggesting a 
minimum half-life of 10* years. 
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amounts sufficient to be detected mass spec- 
trometrically**) is undoubtedly to be attributed 
to alpha-instability.** Positions of even A and Z 
which lie on or just outside of the stability limits 
as drawn are listed in Table I-B.** Some of these 
may actually be beta-stable and either com- 
pletely “missing” in nature or present in such 
low abundance as to be still undiscovered. Con- 
siderations based on the liquid-drop nuclear 
model indicate that the lightest beta-stable 
isotopes of some of the heavy even elements may 
be alpha-unstable with cosmologically short life- 
times,25 and some of the nuclides in the latter 
part of list I-B (+) may be missing in nature for 
that reason. Pt?®° in particular seems to lie within 
the stability limits, and if the low energy elec- 
trons?* emitted by Ir'® are actually negative 
beta-particles, Pt'®’ must owe its absence to 
alpha-decay. 

On the other hand, any nuclide in Table I-B 
which is beta-labile will have a low disintegration 
energy and will be long-lived. If any should be 
present in nature it would be accompanied by a 
daughter of large disintegration energy and short 
lifetime. By chemical extraction of the active 
daughter the sensitivity of detection could be 
enormously enhanced, so that the half-life might 
be as low as ~1.0X10* years, on the above 
assumption regarding the formation of the 
elements, and still permit detection in the 
presence of stable isotopes. 


Naturally Occurring Even-A, Even-Z 
Nuclides Which May Possibly 
Be Beta-Labile 


Apparently stable nuclides which lie on or just 
within the stability limits as drawn are listed in 
Table I-C. Some of these may actually be un- 
stable but with lifetimes sufficiently long to have 
prevented appreciable decay since their forma- 
tion. The absence of detectable radiations would 


(1938) W. Aston, Proc. Roy. Soc. (London) A146, 46 

* This has been suggested previously, for example, by 
Fliigge (reference 12), p. 103. 

* Several nuclides which an inspection of the chart 
would place in this group are known to be radioactive, 
being produced in fission (for example, Sr®) or by alpha- 
“or (for example, Pb*°), and hence are not listed. 

** T. P. Kohman, paper in preparation. 

(947) J. Goodman and M. a ool, Phys. Rev. 71, 288 
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indicate minimum lifetimes of about 10" years 
for most of the nuclides listed. Any which are 
beta-active, however, would be accompanied by 
short-lived daughters with energetic radiations, 
so that by use of the active-daughter extraction 
technique it should be possible to detect ac- 
tivities with half-lives as great as ~10'® years. 

Ca** is of particular interest, since it lies well 
below the main region of stability. Its natural 
occurrence, at least as a stable nuclide, has been 
doubted,'’* but the mass-spectrometric”® and 
nuclear-reaction”® *° evidence for its existence in 
natural calcium appears conclusive. It has been 
reported*® that Sc** apparently undergoes’ elec- 
tron capture, in which case Ca** would be stable. 
If, however, Ca** is radioactive, the accumulation 
of Ti*® would make it a valuable geological and 
paleontological time index. ' 

A natural radioactivity of neodymium ha 
been reported*! though never confirmed. If the 
activity actually belongs to this element, the 
isotope of mass 150 is probably responsible, 
since it seems to be outside the stability region, 
with Nd!“° as an alternate possibility. If Nd'®° 
is unstable, its daughter would be an active 
isotope of element 61, which element has not yet 
been found naturally in either stable or radio- 
active forms.*? Similarly, if Sm'* undergoes 
electron capture, an element 61 activity would 
result. If Mo! or Ru® is unstable, an active 
isotope of technecium, the missing element 43, 
would be present naturally. 

A search is being made for natural radioac- 
tivities such as those indicated as possibilities in 
this paper. 
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The (H°, ») Reaction in Rh and Co and Probable Evidence of the Di-Neutron 


D. N. Kunpu M. L. Poor 
Ohio State University, Columbus, Ohio 


(Received September 24, 1947) 


By H* bombardment, two neutrons have been introduced into Rh and Co nuclei according 
to reactions p)Rh'* and Co®*(H, p)Co", with half-lives of 35 hours and 1.75 hours, 
respectively. The mechanism appears to be an Oppenheimer-Phillips process with H*. The 
results are interpreted in the light of the di-neutron (on*). It is believed that om* may exist 
under the physical conditions of the experiments reported. 


1. INTRODUCTION 


N previous works,!? H® was used as the bom- 

barding particle for producing nuclear re- 
actions in Ag leading to Pd'’. A series of in- 
vestigations was undertaken with a view to 
introduce two neutrons into a nucleus. Con- 
sidering the ease with which (d, p) reactions pro- 
ceed according to the Oppenheimer-Phillips*-* 
process, the H® particle was regarded as suitable 
for the above purpose. 

Two similar nucleons are known to have forces 
of attraction between them. It has, therefore, 
been speculated’ that the so-called ‘‘di-neutron” 
(om?) may exist. The di-neutron might be ex- 
amined experimentally if by an Oppenheimer- 
Phillips process the proton could be separated 
from the H®* nucleus and the remaining neutron 
pair could be observed to behave as a single 
group. 

Bombardments with H*, made with these aims 
in view, are mostly complicated by extraneous 
activities produced by deuterons, neutrons, etc., 
because the H* was produced, as in the previous 
works by bombarding Be with deuterons. These 
non-essential activities usually come in such 
great strength as to mask, in many cases, the 
H? activation, if there is any. However, in the 
case of Rh and Co the experimental results are 
sufficiently free from ambiguity and are there- 


1D. N. Kundu and M. L. Pool, Phys. Rev. 71, 467 


(1947). 

(1947). N. Kundu and M. L. Pool, Phys. Rev. 72, 101 
ase Oppenheimer and M. Phillips, Phys. Rev. 48, 500 
*H. A. Bethe, Rev. Mod. Phys. 9, 201 (1937). 

5H. A. Bethe, Phys. Rev. 53, 39 (193 8). 

*H. * Bethe, Phys. Rev. 53, 205 (1938). 

+ i . Colby and R. N. Little, Phys. Rev. 70, 437 
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fore, reported in the present paper. The reactions 
observed are Rh!™(H?, p)Rh'® and Co**(Hi, p) 
Co". 


2. EXPERIMENTAL 
Rhodium-+H?* 


A Be foil was bombarded with 10-Mev deu- 
terons and the H* thus produced was made to 
bombard a number of Rh foils (each 1 or 2 mils 
thick), placed immediately behind the Be foil. 
Two thicknesses of Be (5 and 8 mils) were used 
in different experiments. After the bombard- 


ment* the foils were separately cut to very fine : 
pieces, sealed into heavy-walled glass tubes with | 


a mixture of HCl and HCIO, (20:1) and heated 
to 300°C for 4 hours. The tubes were then cooled 
to liquid-air temperature and opened while cold. 
Ruthenium carrier and later sufficient HCIO, 
was added to change the Ru to RuQ,. The mix- 
ture was distilled by bubbling air through it 
while heating with a microburner and the dis- 
tillate was collected in very concentrated KOH 
kept in an ice bath as potassium perruthenate. 
The residue was evaporated nearly to dryness 
with concentrated H,SO, till there was copious 
evolution of SO; fumes, distilled and the Rh 
precipitated by adding TiCls. 

The decay curve of the Rh fraction of the 
first foil is shown in Fig. 1. The 35-hour Rh’ 
activity is seen above the long-period back- 
ground which is mostly 210-day Rh'®. The 
strong 12.8-hour activity was suspected to be 
due to copper impurity in the Rh sample. This 
was confirmed by a spectro-chemical examina- 
tion of the Rh sample. Repeated separations of 


* The Rh chemistry was kindly done by H. L. Finston 
and Ula M. Bigham of the Ohio State University. 


m 
ing 
— 
su 
th 
cu 
C 
tic 
m 
in 
ac 
ob 
th 
sh 
RI 
for 
40 
H: 
su 
ou 
mz 
0.( 
sp 
Fe 
ad 


, 1948 


on 


ctions 
p) 


(TRITIUM, PROTON) REACTION 23 


Fic. 1. Decay curve of the rho- 
dium fraction after bombard- 
ment of rhodium with H* show- 
ing the 35-hour Rh", The crosses 
denote the points obtained by 
subtracting the base line from 
the earlier part of the decay 
curve 


ACTIVITY 
3, 


Cu from the Rh fraction removed a large frac- 
tion of this 12.8-hour activity. Beta-energy 
measurements of Rh final fraction by absorption 
in aluminum, gave 0.6 Mev which checks with 
accepted Rh’ value. No 35-hour activity was 
observed in the Rh fraction of the foils behind 
the first one. The Pd fraction of the first foil 
showed the 17-day Pd'® due to the reaction 
Rh'%(d, 2n)Pd?*, but no 13-hour activity was 
found. 


Cobalt+H* 


Hilger Co metal was used in the form of a 
40-mil thick block. After bombardment** with 
H’, a few mils of the material from the front 
surface, which was hit by the H*, were etched 
out with concentrated HNO;. The sample on 
manufacturer’s analysis contained less than 0.1, 
0.01 percent of Ni and Cu, respectively, and 
spectroscopically just observable traces of Cr, 
Fe, and Ag. Carriers of Cu, Ni, and Mn were 
added and the Mn separated as MnO, with 


** The Co chemistry was kindly done by J. M. Hollander 
of the Ohio State University. 


DECAY CURVE 
Rhodium Fraction 


20 30 40 
DAYS AFTER BOMBARDMENT 


KBr; from the 1-N solution in HNO;. The Cu 
was then repeatedly precipitated with H.S from 
the 3N HCI solution. The supernate was made 
basic with NH,OH and NH,CI and, the Ni pre- 
cipitated with alcoholic solution of dimethyl 
glyoxime. The Co was later precipitated from 
1-N HCl medium with a-nitroso-8-naphthol 
solution. Initial tests with separation of Fe and 
Cr showed that these introduce no complica- 
tions and were, therefore, eliminated from the 
general procedure. 

Figure 2 shows the decay curve of the Co 
fraction. The 1.75-hour Co®™ activity recently 
reported’ is seen above the very long-period 
activity. The short length of the curve is due 
to the long time needed for the chemistry and the 
comparatively short half-life under study. The 
identification was substantiated by #-energy 
measurements which gave 1.1 Mev for the maxi- 
mum value by absorption in aluminum. The 
1.75-hour Co™ emits no y-radiation as seen from 
the y-decay curve. 


*T. J. Parmley and B. J. Moyer, Phys. Rev. 72, 82 
(1947). 
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3. DISCUSSION OF RESULTS 


The elements Rh and Co were chosen as the 
target material because they have a single stable 
isotope (Fig. 3). This gives greater freedom in 
the interpretation of results. The 35-hour Rh!® 
activity can be produced only by the introduc- 
tion of two neutrons into a Rh'® nucleus. This 
is not possible by activation with deuterons 
which have been used as the primary particles 
for producing H*. Neither is it likely, on grounds 
of probability, that two neutrons which are 
available from the Be+d source, will enter the 
same Rh nucleus one after another. Experi- 
mentally, also, this possibility is excluded for 
the back foils of Rh, which were bombarded by 
neutrons only, showed no 35-hour activity under 
similar conditions of chemistry. All efforts to 


L. POOL 


impute the 35-hour activity to impurities were 
unsuccessful. For example, a small amount of Pd 
as impurity in the Rh metal might produce the 


35-hour activity by (m, p) or (d, 2p) reaction, | 


This is, however, contrary to observtions, for it is 
experimentally well known that the 13-hour Pd 


activity is produced in very high strength by | 


deuteron and neutron activation of Pd. The 
absence of the 13-hour activity in the Pd fraction 


of the first foil is strong evidence that no obser. / 


vable Pd is present in the Rh sample. The absence 
of the 35-hour activity in the back foils also in- 


dicates that the same activity, as measured in the | 
first foil, is not due to (, p) reaction from Pd © 


impurity. The reaction must, therefore, be Rh'® 
p)Rh'®, 
Essentially similar arguments hold in the case 


Fic. 2. Decay curve of the co- 
balt fraction after H* bombard- 
ment of cobalt showing the 1.75- 
hour Co". The crosses denote the 


points obtained by subtracting 
the base line from the earlier part 
of the beta- and gamma-decay 


curve, 
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103 ; 104 


Fic. 3. Rhodium and 


of the 1.75-hour Co® activity which has been 
produced from the single stable Co isotope. 
In this case, the activity of the main block, 
after the etching out of the thin layer bombarded 
with H®, was followed to check neutron activa- 
tion. As seen from Fig. 3, Ni stands in the same 
relation to Co as Pd did to Rh. Though a minute 
trace of Ni is present in the Co Metal used, it is 
only less than 0.1 percent, and the percentage 
abundance of Ni®™ from which Co might be 
produced by (m, p) or (d, 2p) reaction is only 1.2. 
It would thus be impossible to detect any 1.75- 
hour activity produced from the Ni impurity. 
Moreover, the main block which was many 
times more active than the Co fraction showed 
no 1.75-hour period. The B-energy measurement 
was also an important help. Every test showed 
that the reaction is Co®°(H’, p)Co®. 

H® has thus been instrumental for the simul- 
taneous introduction of two neutrons into the 
nucleus of and Co*®. 


4. INTERPRETATION AND THE DI- 
NEUTRON HYPOTHESIS 


Since H? is responsible for the introduction of 
the two neutrons into the Rh and Co nucleus, 
it is plausible, as indicated in the introduction, 
to assume that the mechanism involved is, in 
large part at least, the Oppenheimer-Phillips 
process with H® instead of with d as the bom- 
barding particle. As the H® approaches the high 
potential barrier of the target nucleus, it is 
“polarized.”” The charged proton part of the 
polarized H? is strongly repelled. The two neu- 
trons find no barrier in front and enter the target 
nucleus. As in the case of the deuteron, the 


cobalt regions in the chart 
of atomic nuclei. The 
heavy arrow indicates the 
formation of Rh'® and 
Co from Rh'® and Co** 
respectively by the (H?, p) 
reaction. 


formation of the compound nucleus, by Gamow- 
Condon-Gurney process, and then the ejection 
of the proton, would be less probable even for 
moderately heavy nuclei like Rh and Co. It 
was also experimentally noted by changing the 
thickness of the Be foil, that the yield of the 
35-hour activity was not greatly sensitive to the 
energy of the H® particles as it should have been 
if the mechanism had been one in which a 
G-C-G compound nucleus was formed. The 
yield according to the O-P process, on the other 
hand, will not be strongly affected by small 
changes in the energy of the bombarding par- 
ticle. Moreover, in the ordinary G-C-G scheme, 
the (H*, ~) reaction will probably have to com- 
pete with (H*, 2), 2”), and (H*, 3m) reac- 
tions whereas there will be no such competition 
in the O-P scheme. This is of special significance® 
because of the fact that the products of (H*, 2) 
and (H*, 2m) are each stable for Rh and Co 
while the product of is 8-active. 

If, therefore, the phenomenon is mostly an 
Oppenheimer-Phillips process with H’, as it is 
very likely to be, the next question that arises is 
whether the two neutrons are captured separately 
one after another or whether they are captured 
simultaneously as a group. Inside the H* nucleus, 
the two neutrons had been within the range of 
nuclear forces and there was a force of attraction 
between them. When the H* comes in the im- 
mediate vicinity of the target nucleus, though 
the proton momentarily stays at some distance 
away from it, the two neutrons which are prac- 
tically on its surface may still be held to each 
other by mutual forces of attraction. In other 
words, in the absence of specific causes which 
would take the two neutrons apart, they would 
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hold together as a group and would be captured 
as such. This group would then be the di-neutron 
(om?), but a di-neutron only under very peculiar 
physical conditions. It is being found in course 
of these (H’, p) reactions only for a very short 
time, viz. the interval between the instant the 
H® begins to be polarized and the instant the 
capture takes place. 

The di-neutron may be an extremely unstable 
particle and hence, the circumstances of the 


present investigations may be just the extreme 
physical conditions under which it may be 
observed. 

The authors are grateful for the support re. 
ceived from the Ohio State University De 
velopment Fund. Thanks are also due the 
Watumull Foundation, Los Angeles, and the 
Ghosh Travelling Fellowship Board of the Cal. 
cutta University for their support to one of the 
authors. 
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On Infinities in Generalized Meson-Field Theory 
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The results of an extension of Podolsky’s generalized electrodynamics, corresponding to 
Proca’s extension of Maxwellian electrodynamics, are presented. In this extension the La- 


grangian is permitted to depend upon the field 


coordinates themselves, which is a major step 


in going from electrodynamics to meson-field theory. 

The static interaction and static self-energy, derived by exact classical and quantum methods, 
as well as the dynamic interaction and dynamic self-energy, obtained by a quantum-mechanical 
perturbation method, are given. The complete interaction and self-energy are free from singu- 
larities and infinities. This is in contrast with the results of ordinary relativistic meson-field 
theory. It thus appears that these defects may be removed from meson theory, just as in 
electrodynamics, by going to a generalized field theory in which the Lagrangian contains the 


second derivatives of the field coordinates. 


1. INTRODUCTION 


T is well known that the outstanding difficulty 
in the quantum theory of fields is the problem 
of infinite self-energies or inertia effects which 
arise in those theories which meet the require- 
ment of relativistic invariance. In fact, most of 
the current research in field theory is directed at 
solving this problem." ? 
In a recent series of papers Podolsky,’ Po- 
dolsky and Kikuchi,** Montgomery,*® and Green’ 


1See G. Wentzel, Rev. Mod. Phys. 19, 1 (1947). 
2 Also W. Pauli Meson Theory of Nuclear Forces (Inter- 
science Publishers, Inc., New York, 1946). 
wee Phys. Rev. 62, 68 (1942), to be referred to 
* B. Podolsky and C. Kikuchi, Phys. Rev. 65, 228 (1944), 
to be referred to as GE II. 
5 B. Podolsky and C. Kikuchi, Phys. Rev. 67, 184 (1945), 
to be referred to as GE 
*D. J. Montgomery, ts Rev. 69, 117 (1946), to be 
refe to as GE IV. 
7A. E. S. Green, Phys. Rev. 72, (1947), to be referred 
to as GE V. 
This series of five papers will be called the GE S. 


have developed a completely relativistic electro- 
dynamics which appears to be free from the de- 
fect of infinite self-energies and which reduces to 
the Maxwell-Lorentz formulation for low energy 
phenomenon. In the present paper we extend this 
generalized field theory by allowing the La- 
grangian to contain the field coordinates them- 
selves. The corresponding extension of Max- 
wellian electrodynamics has been investigated 
by Proca® and others*!°" and is considered to 
be among the more promising of meson-field 
theories. 

In order to show the essential consequences of 
this generalization we shall consider only its 
simplest aspects. It is probable that modification 
of this theory by the inclusion of such concepts 

8 A. Proca, J. Phys. Rad. (vii) 7, 347 (1936). 

*N. Kemmer, Proc. Roy. Soc. A166, 127 (1938). 

10H. Frohlich, W. Heitler, and N, Kemmer, Proc: Roy. 


Soc. A166, 154 (1938). 
1H, J. Bhabha, Proc. Roy. Soc. A166, 501 (1938). 
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as isotopic spin and symmetry requirements will GE I, place on the right the nucleon density 
be necessary to explain nuclear phenomenon. p=g3(R) (3.2) 


Nevertheless it seems worth while to present the 
consequences of a development which differs 
from Podolsky’s generalized electrodynamics 
merely in two respects. 

(1) The Lagrangian of the field depends quad- 
ratically upon the field coordinates which are 
components of a four vector ga=(A, 7¢). 

(2) The parameter coupling the field with a 
nucleon is a constant g instead of the charge e. 

As the mathematical formalism used in this 
investigation parallels almost exactly that used 
in the GE S we shall present only the differences 
which arise as a result of the modification in 
assumptions. The reader should refer to the GE S 
for the steps of the calculations and for the 
notation, nomenclature, and references. 


2. LAGRANGIAN, HAMILTONIAN, AND 
WAVE EQUATION 


We choose as our basic Lagrangian of the field 
= —(1/2)[u (2.1) 


where yu is a constant having the dimension of 
reciprocal length and a is a constant with the 
dimension of length. The scalar counterpart of 
this equation has been suggested by Rayski.” 
The development leading to Eqs. Ge II (2.16) 
and Ge II (2.22) is altered but slightly by the 
additional term in the Lagrangian. The corre- 
sponding field equation is 

ge—O =0, (2.2) 


which is a fourth-order generalization of the 
Klein-Jordan equation. The Hamiltonian is 


— Ga, ga, G0, 440 Ga, 4- (2.3) 


3. CLASSICAL TREATMENT OF THE 
STATIC CASE 


For the static case the field equation becomes 
=0. (3.1) 


If we consider the interaction of the field with 
a point nucleon at the origin then we must, as in 


® G. Rayski, Phys. Rev. 70, 573 (1946). 


A well behaved solution of (3.1) which gives 
rise to the delta-function is 


where 
(3.4) 
(3.5) 
d 


The volume integral of the Hamiltonian 
(henceforth called simply the Hamiltonian) is 
A= nav=(1/2) (v0) 

Using (3.3) we obtain for the energy of the field 

A =g?/8xa(1+2ay)'. (3.8) 


(3.7) 


4. CLASSICAL SOLUTION OF THE 
GENERAL CASE 


A general solution of the field equation (2.2), 
expressed in terms of Fourier integrals, is 


=(1/2m)! f exp(—i¢u) 


+ ya*(k) expi¢o+ Ga(k) exp(—i¢:) 


+ (k) expi¢ 1 jdk, (4. 1 ) 

where 
¢oo=ckot—k-r, ¢,=ck,t—k-r, (4.2) 
kf =k and (4.3) 


From the standpoint of quantum mechanics, 
Eqs. (4.3) indicate that our field is associated 
with particles having the masses 


(4.4) 


To avoid particles of complex mass, Eqs. (3.4) 
and (3.5) require that 
2ay<1. (4.5) 


By expressing all the quantities in (2.3) in 
terms of Fourier amplitudes and carrying out the 


mo=hpo/c and m,=hy;/c. 


3 In this paper bars are used in place of tildas. 
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integrations over all space we obtain, after a 
tedious calculation, the Hamiltonian 


Amy { + Pa" Ga) 


ki*(aGa* + Pa* Ga) (4.6) 


5. QUANTIZATION AND AUXILIARY CONDITIONS 


Accepting (4.6) as the quantum-mechanical 
Hamiltonian, we may obtain the commutation 
rules for amplitudes by requiring that 


t) =(i/h)(H, t)]. 


Expressing both sides in terms of Fourier inte- 
grals and equating coefficients of corresponding 
exponentials, gives 


[ya*(k), ]= — —k’)ch/2koy, 


and 


(5.1) 


(5.2) 


[a*(k), (5.3) 


To reduce the number of degrees of freedom of 
the field, we take as auxiliary conditions on our 
wave functional . 


C(k)y =LQ(k) — o(k) jy =0, (5.4) 
C(k)y = [Q(k) — =0, (5.5) 
and their complex conjugates where 
]= —5(k—k’)ch/2koy, (5.6) 
and 
[Q*(k), (5.7) 


This insures that C(r, t) commutes with C(r’, t’) 
taken at another space-time point. 

When nucleons are present in the field, the 
modified auxiliary conditions are 


C(k)y = (Q(k) — o(k) + f(r.t.)/2ko'y W=0, (5.8) 
and 
C(k)y = (Q(k) — — (5.9) 


This modification is made so that C(r, ¢) com- 
mutes with the operator R,—7ihd/dt,, where R,, 
the sum of the relativistic Hamiltonian of the 
particle and the field-particle interaction, is 
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given by 
R, 


(5.10) 


6. THE INTERACTION ENERGY 


The extension of the mathematical formalism 
of Fock, given in GE III, may now be used to 
eliminate the scalar potential and part of the 
longitudinal component of the vector potential 


from the wave functional. We thus obtain for the: 


static interaction of a system of particles 
—e™*), (6.1) 
and the static self-energy of a single particle 
(6.2) 


These are in agreement with the results obtained 
classically. Applying the procedure given at the 
end of GE III and beginning of GE IV gives, as 
the wave equation for a system of particles, 

{ [ ca, *Ps — D(r,/) +m,c*B, 


J+ 


X (6.3) 
where 
D(k) =A(k) —kQ(k)/ko 
and 
D(k) = A(k) —kQ(k)/k, (6.4) 


To calculate the dynamic interaction we write 
the wave equation (6.3) as 


g.as- D(r.t) Jo, 


and treat the right-hand side as a perturbation. 
An analysis corresponding to that given in 

GE V gives as a first-order approximation the 

perturbation energy 


(6.5) 


exptk-R(1/ko? —1/k,*)dk 


“ f 


Xexpik- R(k?/ko't — k?/ (6.6) 


th 


co 


U 


(5.10) 


rmalism 
used to 
t of the 
oten tial 


for the’ 


, (6.1) 

ticle 
(6.2) 


»btained 
n at the 
riVes, as 


(6.4) 


ve write 


» (6.5) 
rbation. 
iven in 
ion the 


(6.6) 


MESON-FIELD THEORY 29 


After integration this becomes 
Us=— u(ge8u/ 1607) 


X —e1®) /R 
+(a,-R/R)(e.-R/R) 
(uo + 1/R) (ui +1/R)]}. (6.7) 


The dynamic self-energy of a single particle is 
thus 


Use = 
— 3g?/16ma(1+2ay)!. (6.8) 


Considering the static terms, we have for the 
complete interaction 


U=L' 
X {(1—a,-a./2) 
X (uot 1/R) —e™ +1/R)]}. (6.9) 


This result resembles in its spatial and spin 
dependence the interaction function used in 
several of the ‘‘mixed’’ theories of meson forces." 
An important difference is the fact that the 
present interaction function contains no singu- 
larities. We also do not have as a factor the iso- 
topic spin operator, as the isotopic spin formal- 
ism, which seems to be necessary in order to 
predict the correct sign for the interaction energy, 
is not considered in this paper. 

An equivalent expression for the interaction 


4 See references 1 and 2. 
assy Cassen and E. U. Condon, Phys. Rev. 50, 846 


energy is 

xX [(1—a,-a,/2)e* sinhER/ER 
(sinhER/ER 


(6.10) 
where 


and (6.11) 


The complete self-energy is finite in contrast 
with the results of most relativistic theories. It 
is given by 

U,= (6.12) 


Generalized electrodynamics is now a special 
case in which ».=0 and g=e. With these con- 
stants Eq. (6.9) reduces to GE V (4.1). Letting 
a=0, this further reduces to Breit’s formula, a 
result of ordinary quantum electrodynamics. 

Placing a=0 in (6.9) gives 


U= u (08u/ 87) 
(6.13) 


As might be expected, this result, apart from 
a matter of constants, is the same as that ob- 
tained from the ordinary Proca equations. 


7. CONCLUSION 


lt appears from the present investigation that 
infinities and singularities may be removed from 
meson theory, just as in the case of. electro- 
dynamics, by allowing the Lagrangian to contain 
the second derivatives of the field coordinates. 

The writer wishes to acknowledge his in- 
debtedness to Dr. Boris Podolsky for his valuable 
suggestions and criticism. 
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It is shown that a special case of the general conformal geometry, called here the similarity 
geometry, forms the basis for a unitary theory of the gravitational, electromagnetic, and 
vector meson fields. The field equations are obtained from a simple four-dimensional, gauge 
invariant variational principle involving the curvature scalar of a basic second rank symmetric 
similarity tensor S,,. Since S,, is here specialized, there is the possibility of incorporating 
further fields when the restrictions are removed. 


I. INTRODUCTION 


N a recent paper, “The vector meson field 

and projective relativity,’’! it was shown that 
the general projective geometry could be re- 
garded as appropriate for the unitary description 
of the gravitational and vector meson fields. 
Since the general projective geometry had 
hitherto been used as the basis for unitary 
theories of the gravitational and electromagnetic 
fields,? this raised the question of the place of 
the electromagnetic field in such unitary theories. 
It was indicated that a unitary theory of the 
gravitational, electromagnetic, and vector meson 
fields might be constructed in terms of the 
general conformal geometry. 

In the present paper it is shown that one can 
construct a unitary theory of the gravitational, 
electromagnetic, and vector meson fields in terms 
of a special case of the general conformal geom- 
etry. The field equations are obtained from a 
variational principle based on the curvature 
scalar formed from a fundamental symmetric 
second-rank tensor belonging to this geometry. 
Since this is done without exploiting the full 
resources residing in the tensor in question, the 
present paper is more an exploration than a 
complete discussion of the possibilities residing 
in the similarity geometry. 

Il. THE SIMILARITY GEOMETRY 


The general conformal geometry treats of 
those geometrical objects which are invariant 
* On leave from 


1B. Hoffmann, P ta Rev. 72, 458 (194 
will be referred to as V.M.P.R 


ueens College, Puhing, New York. 
). This paper 


? References to the work of Kaluza, Klein, Veblen, 
Hoffmann, Van eee, Schouten, Einstein, Mayer, and 
Pauli are given in V.M.P.R. 


under transformations of the type 
= p?(x*) gav(x*), (1) 


where gas(x*) is the metrical tensor, and p(x‘) is 


an arbitrary, non-zero function of position. The 
subject has been developed in some detail, the 
modern theory being attributable to E. Cartan, 
H. Weyl, J. M. Thomas, T. Y. Thomas, and 
others.’ It has been found that the general con- 
formal geometry of an n-dimensional space is 
concerned with the theory of projective tangent 
spaces of (w+1) dimensions, in each of which lies 


an invariant -dimensional quadric surface called 


a conformal tangent space. 
The tensorial treatment employs entities, 


called conformal tensors, which have (#+2)*| 
components. We are here concerned with the 
case nm =4, and shall use the following conventions | 


as to indices: 


(a) Latin indices take on the range 1, 2, 3, 4, 
these pertaining to space-time. 

(b) Greek indices from the beginning of the 
alphabet, as a, 8, y, 5, «+, take on the 
range 0, 1, 2, 3, 4, as in the projective 
theory of relativity. | 

(c) Greek indices from the later part of the 
alphabet, as 7, p, o, take on the 
range 0, 1, 2, 3, 4, 5. (We use 5 where 
the geometers, who deal with spaces of an 
arbitrary number of dimensions, 1, use 


either the symbol or the symbol J 


3 The present paper starts out from the treatment given 
by O. Veblen in his paper “Formalism for conformal 
geometry,” Proc. Nat. Acad. Sci. 21, 168 (1935), which 
will be referred to as F.C.G. For a bibliography of papers 
on the subject, see, for example, the paper by K.. Yano, 
“Sur la théorie des espaces 4 connexion conforme,” J. Fac. 
Sci. Tokyo 4, 1 (1939). 
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A conformal tensor has components 
which, under a transformation of the space-time 
coordinates, x*, and the gauge variable x°, of 


the type 
xt = F4(x*), F=x°+logp(x*), (2) 
transform according to the law 
(x2) 
= (3) 


where‘ 
Op logp logp 
| 
az 
0 ox? gan. dp (4) 
ing OF dF 
1 
O O 
p 
and 
U,*V.2= (5) 


If, instead of (1), we consider the more 
restricted group of transformations 


= (6) 


where k is independent of the coordinates, we 
have a special case of the general conformal 
geometry. Since the transformation (6) makes 
similar figures equivalent, we shall call this the 
similarity geometry, and shall use the term 
similarity tensor to denote a restricted type of 
conformal tensor subject to the above similarity 
transformations rather than to the full conformal 
group. 

Setting p=k in (2), (3), and (4), and making 
appropriate changes in the notation, we see that 
under a transformation of the coordinates x* and 
the gauge variable x°, of the type 


F* = F*(x*), F9=x°+logk, (7) 
the components, S,...°", of a similarity tensor 


*F.C.G. pp. 169-70. We are writing p for the quantity 
there denoted by U,°. 


transform according to the law 
(x2) 


where 
k O O 
Ox? 
7=| O|,7 (9) 
oz 
1 
O O 
k 
and 
U,*V,° =6,". (10) 


Introducing a new variable, x5, we can now 
write 


=k—, (11) 


where the six variables x* undergo transforma- 
tions of the following type: 


PHF =x°+logk, = F(x"), 
og (x*) (12) 


1 
BHF = 
k 


The introduction of a new variable in this way 
is not possible in the general conformal geometry. 

Since the tangent spaces are projective in 
character, we may assign an index, as in the 
general projective theory, to each similarity 
tensor. This allows us to use, instead of the 
matrix [,* given in (11), the simple Jacobian 
matrix 

Ox? 


az" 


= (13) 


To conform with our previous equations we 
must make the index of a similarity tensor 
depend on the number of its covariant and the 
number of its contravariant indices.* Thus if 


5 The idea of using an index in the general conformal 

~ etry occurs explicitly in unpublished notes of O. 

eblen. 

*It is possible to generalize by relinquishing this 
requirement. In fact, it appears reasonable to introduce 
two different indices, the second one having to do with 


| 
Ox? 
Oz" 
a 
= 
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S,...°° has p covariant and g contravariant 
indices, the index will be (p—q)N, where N is a 
fixed constant. The transformations (12) pertain 
to the case N=1. It is convenient, however, to 
have N explicitly present. Therefore we shall 
not take N=1 here, but shall instead make the 
appropriate modification by replacing (12) by 


1 
= logk, =Z*(x*), 
(14) 
=—x5, 


Thus the components of a similarity tensor 
S,...7°"" now are to have the form 


Under the transformation (14) they will trans- 
form according to the law 
(x2) (8) 


Ox? 


0 
= - -—- (15) 


The part, 5,...°°, of which does not 
contain x° now behaves as if it transformed by 
means of the matrix in (9). 


Ill. FIELD EQUATIONS FOR A SPECIAL CASE 


Let S,, be a second rank, symmetric similarity 
tensor of index 2N, and let S** be defined by 


é,°. (16) 


We wish to consider the curvature scalar 
formed from S,,; but first we have to investigate 
the properties of the components of S,,. 

Because, by (14), 


Ox* 
| 
(17) 
az" 1 
O 


the x® transformations. Since the index is related to the 
mass of the particle YY of the field, this may be of 
importance in view of the different masses of the funda- 


mental particles. 


the components Sas of S,, form a projective 
tensor of index 2N, but of a restricted type in 
that the gauge transformations (14) do not 
involve the coordinates x*. Also, Sas and Sy, 
transform according to the laws 


1 
Sas(x7) = (x*) (18) 
k? 
and 
Ss5(x*) 55(€) = . (19) 


We now specialize S,, by requiring that 
Sos=0, (20) 
and that 
Sss/Soo be independent of x*. (21) 


Because of (14), (17), (18), and (19), these are 
invariant requirements. They are imposed here 
for the sake of simplicity. Removing these re- 
strictions makes available two further field func- 
tions which we purposely ignore in this paper, 
We are here concerned with obtaining a quick 
result rather than with formulating a complete 

theory. 

Write 
Ser =Ser/Soo, (22) 


so that s,, is of zero index, and soo =1. Now write 
Yor = Sor (23) 


so that y.s=0, and yag is a projective tensor, of 
zero index, such that yoo=1. We identify this 
with the yas in V.M.P.R. Thus yao is the ¢ 
that forms part of the 6, representing the vector 
meson field, and (yas— ¢a¢e) is the gravitational 
metric gap. 

Next we write 


Wo = (24) 


so that by our specializing assumptions (20), 
(21), 


vo=0 (25) 
and, since Ws5= (S55)! = (Sss/Soo)', 
¥s is independent of x*. (26) 


Then y. behaves like an affine vector while ys 
acquires a multiplying factor 1/k? under the 
transformation (14). 


as. 
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We may now express (23) in the form 
Sor = Yor (27) 


or, more specifically, 
Sas= Yas Su=Yows=0. (28) 


Let Ze,” be the curvature tensor formed from 
se, according to the usual formula, and let z,, 
and z be its contractions. Then, since z is of 
zero index and a scalar, it must be gauge in- 
variant.’? Therefore we may compute 2 for a 
particular gauge. We choose the gauge so that 
ys, which is independent of x’, shall have the 
value unity. 

With y;=1, the relation (27) between s,,, y.,, 
and y, is of the same form as that between yas, 
gas, and ¢aq in the projective theory of relativity. 
In the projective theory, the curvature scalar B 
formed from yas has the value 


B=R- (29) 


where R is the curvature scalar formed from gas. 
Therefore we may infer that the curvature scalar 
s formed from s,, has the value 


(30) 


(31) 
axe 


By (25), and the fact that y, is of index zero, 
we see that 


and 


= 0. (33) 
= 
= (34) 
3=B-py,", (35) 


So, since 
we have 
Hence 


or, using (29), 
2= R— — (36) 


Now let Z,,,* be the curvature tensor formed 
from S,,, let Z,, be the result of contracting 
with respect to the indices x and a, and let Z be 


? Though multiplying factors involving & are brought in 
by changes of the variable x5, the fact that s is a scalar 
and does not contain x* will make these factors cancel 
automatically. 


the curvature scalar formed by contracting 
again, this time by means of S*’. 

The relation (22) between s,, and S,, is of the 
same form as that between yas and Gag in the 
projective theory of relativity. In the projective 
theory the curvature scalar* P formed from Gas 
has the value® 


P=6-*(B+2Nn* ;,+N?2n(n—1),), 

for the case n=4, (37) 
where the semicolon denotes the covariant de- 
rivative with respect to yas, and indices are 
raised by means of y**. Therefore we may infer 


that the curvature scalar Z formed from S,, has 
the value 


for the casen=5, (38) 
(39) 


(40) 


the solidus ‘‘/’’ denotes the covariant derivative 
with respect to s,,, and indices are raised by 
means of s°’. 

Setting n=5 in (38), we have 


(41) 

Since WV does not contain x*, ¥;=0 and so 
(42) 
And because WV corresponds to the quantity # of 

the projective theory, we have” 

WY, = = = 1+6°6,, (43) 
where 6, has the same significance as in V.M.P.R. 
In order to simplify the quantity 7), entering 


(41), we first calculate the value of the determi- 
nant s of s,,. By (24) and (27) we have 


Yas tas | |_| Yas | | 
| (Ys)? | | O | (Ys)? | 
= =(vs)*g, (44) 


*For the distinction between P and P, see V.M.P.R., 
Eqs. (18) and (19). 

e use the value of Pag given by Veblen, Quart. J. 
Math. (Oxford) 1, 60 (1930), Eq. (5.16), contracted by 
means of G*, 

1° Cf, reference 9, Eqs. (5.3) and (5.8). 
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since y=g. Thus, because of (26), and since 
neither s nor V’ contains x° or x°, 


Again, by (22), the determinant S of S,, is 


given by 
S= (Soo) = V"s. (12) 


Following the same general procedure as in 
V.M.P.R., we set up a four-dimensional, gauge- 
invariant variational principle containing the 
curvature scalar Z. Since Z,, is of zero index, Z 
is of index —2N. By (46), (S)! is of index 6N. 
Hence the quantity Z(S)! is of index 4N. To 
obtain a quantity of index zero we divide by an 
appropriate power of W, which is a part of the 
fundamental tensor S,,. Thus we consider the 
quantity Z(S)*/y;¥*, which, being of index zero, 
is an affine scalar density, by (44). 

We now write the four-dimensional, affine 


variational principle 
f (47) 


for variations of either S,, or So. 
Writing Z for the affine quantity WZ, we 
may express (47) in the form 


f =0. (48) 


Later, as in the corresponding situation in 
V.M.P.R., we shall introduce a slight modifica- 


tion of this variational principle. 

Since lemmas analogous to those in V.M.P.R. 
are valid here, we shall merely perform the 
variation of gas, ga, Wa. Because of the restric- 
tions imposed on S,, in the present paper, these 
variations suffice to give the essential field 
equations in their affine groups. 

By (41), (44), and (46), we may write (47) in 
the form 


f 
Xdx'dx*dx*dxt=0, (49) 


and, using the explicit values in (36), (43), and 
(45), we have 
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1 


+20N*(1+6°0.) (59) 


Since variations vanish at the boundary, it 
follows from Green’s theorem that the term 
10NA((g)*¥*)/dx* in the integrand of (50) will 
contribute nothing to the field equations. As for 
the other terms, they are all of familiar types for 
which the results of the variations are already 
known. Thus the term R(g)! is the Lagrangian 
density for the gravitational field in general 
relativity, the term (—ys%W.)(g)! is the La- 
grangian density for the electromagnetic field, 
the terms (— constitute 
the Lagrangian density for the vector meson 
field, and the term 20N*(g)! corresponds to the 
term 12N?(g)! in Eq. (42) of V.M.P.R. and has 
the same general significance. As in V.M.P.R., 
we can remove this term by replacing the 
variational principle in the form (48) by 


5 f (Z =0. (51) 


By use of the known results"! of the variations 
for the individual terms, and introducing the 
quantity @., defined in Eq. (53) of V.M.P.R., 
we see that the field equations arising from (51) 
may be grouped into the following affine sets: 


(Re — 3g%R) + Wa he") 
+ {3 + 
— 20N?(6°0 — } =0, (52) 
y”,=0, (53) 
and 
=0, (54) 


the commas denoting covariant derivatives with 
respect to gap. 

Equations (53) are the Maxwell field equations 
in general relativity in the absence of matter, 
Eqs. (54) are the vector meson field equations in 
general relativity in the absence of matter, and 
Eqs. (52) are the field equations of general 
relativity linking additively the stress-tnergy- 
momentum tensors of the gravitational, electro- 
magnetic, and vector meson fields. Thus we have 
shown that three physically identifiable fields 


1 Cf, V.M.P.R. Section 4. 


~_ 


are contained in the specialized similarity tensor 
S,-, and that their field equations are obtainable 
in a unitary manner from a simple variational 
principle based on the curvature scalar of S,,. 
Though the Lagrangian of the total field turns 
out to be the sum of the Lagrangians of the 
three constituent fields, there has here been no 
arbitrary addition of three partial Lagrangians 
to form this total Lagrangian. 

It is natural to ask what could happen if the 
restrictions on S,, were removed. It is clear that 
new field quantities would appear, but whether 
these would prove to have physical significance 
recognizable in the present state of theoretical 
physics cannot be decided without further in- 
vestigation. One would expect to obtain field 
equations of which those of the present paper 
are a special case. Yet relinquishing the present 
restriction that Sos be zero greatly increases the 
dificulty of making a proper dissection and 
physical interpretation of the constituents of 
S--, not to mention of calculating its curvature 
scalar, and it is possible that the physical identi- 
fications of the present paper might need to be 
modified. On the geometrical side, one can see 
the key role of the component Sos, for when this 
component is zero one cannot directly set up a 
er of the sort found in the conformal geometry, 
namely, 


0 0 —1 


Zor=| O Lab 0 |. (55) 
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One could imagine that in the present paper 
there is a vestigial field having the constant 
value +1 which just cancels the — 1's that occur 
in ger. But when Sos does not vanish we are able 
to normalize S,, by dividing through by — Sys, 
thus obtaining the —1’s in a natural manner not 
available to us here. If it should turn out that 
this was the proper way to normalize S,,, the 
vanishing of Sos would imply that we had here a 
non-trivially degenerate theory, and it might be 
this fact that lay behind the appearance of 
well-known infinities in solutions of the present 
equations. 

The idea of treating the conformal geometry 
of nm dimensions by means of conformal tensors 
having (w+ 2)* components arose naturally from 
the character of the conformal group itself and 
was developed by the geometers without refer- 
ence to physical theory. Moreover, there is a 
close connection between the conformal geometry 
and the similarity geometry, on the one hand, 
and the geometry of spinors and the Lorentz 
group on the other.’* On the physical side, the 
gravitational, electromagnetic, and vector meson 
fields entered physical theory by widely sepa- 
rated paths. The present confluence of such 
diverse mathematical and physical concepts may 
well be more than a coincidence. 

I wish to thank Professor O. Veblen for many 
stimulating discussions. 


12 See O. Veblen, Proc. Nat. Acad. Sci. 19, 503 (1933), 
and F.C.G. Section 5. Also P. A. M. Dirac, Proc. Roy. 
Irish Acad. 50, 261 (1945). In all cases one finds the 
geometrical picture of an invariant four-dimensional 
quadric surface in a five-dimensional projective space. 
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An energy-level scheme is given for sodium chloride. Its predictions are compared with 
observations in the ultraviolet and x-ray regions and color-center phenomena. 


AVE-MECHANICAL calculations! have 
fallen far short of even a consistent quali- 

tative explanation of the data on the energy 
levels of sodium chloride. And NaCl models? set 
up to interpret individual experiments fail to 
explain other results. For the present work all 
the experimental results available were subjected 
to a consistent wave-mechanical interpretation. 
This led to the energy-level scheme of Figs. 1-3. 
A lattice of Nat ions and Cl atoms is assumed. 
The Cl 3p band contains only the five 3p elec- 
trons of a Cl atom, the valence electron being in 
a higher band. Compared to the Cl 3 electrons, 
the valence electron is relatively free, and its 
wave function near a Na* ion much larger. The 
energy-level density of the Cl 3p band has two 
sharp maxima, the ?P3,2 and *P1,. peaks. Similar 
peaks of atomic Cl and Na origin are in the first 
Cl conduction band. The levels and peaks of 
atomic Na, Cl, and Na? origin are not displaced.* 
Allowed energy levels,‘ bound levels,’ and two 
effects of temperature are used. In the energy 
effect, the allowed energy of a discrete level 
whose wave function is of small radius depends 
on boundary conditions that are sensitive to the 
thermal motion of neighboring atoms. The 
momentum effect enables an electron trapped as 
a standing wave at one lattice point to escape, 
as a running wave, to another. Transition prob- 
abilities for the peaks of the Cl 3p and con- 
duction bands are much greater than for their 


other levels. Transitions involving the bound’ 


levels are strong, and the valence levels—of wave- 
mechanical origin—very weak. Selection rules 


Slater and W. Shockley, Phys. Rev. 50, 705 
R. Tibbs, Trans. Soc. 35, 1471 (1939). 

500 (1938); 
H. M. O’Bryan and H. Proc. Roy. Soc. 
176, 229 (1940). 


2 R. F. Bacher and S. Goudsmit, Atomic Ener. og 7g 
1932). 


(McGraw-Hill Book Company, Inc., New York, 
5 J. Frenkel, Physik. Zeits. Sowjetunion 9, tS (1936). 


0986 S. 
F. Mott, Trans. 34, 
kinner, 


* A. Sokolow, Zeits. f. Physik 90, 520 (1934). 


are carried over from the atomic Na, Nat, and C| 
spectra. Cross transitions are appreciable, being 
especially strong from the Cl to the low Na 35 
levels. 

The reasoning by which the energy-level 
scheme was derived is omitted for brevity. 
Instead, the predictions of the model are checked 
against observation. The number in each level 
of Figs. 1 to 3 is its energy in ev above or below 
the weighted mean of the *P3/2 1/2 peaks. 

The edges of the Cl conduction band are fixed 
by photo-conductivity and photoelectric data’— 
the edges vary (dashed lines, Fig. 1) with lattice 
direction. Transitions from the ?P3,2,1;2 peaks to 
Cl peaks in the conduction band explain the low 
energy fine structure observed® in the photo- 
electric current; but numerical agreement fails 
because of complexity in the atomic Cl levels,’ 
overlapping of bound levels for other lattice 
directions into the band, and actual uncertainty 
in the data. Owing to transitions to the Na 4s, 
3d, 5s, and 4d peaks, structure is expected? at 
11.04 ev, 11.47 ev, 11.97 ev, and 12.13 ev, and 
is observed® at 11.07 ev, 11.45 ev, 11.86 ev, and 
12.02 ev. At shorter wave-lengths a sharp fall 
is predicted in photoelectric current because 
transitions are then to higher Na and Cl levels; 
this is observed® exactly. Structure is neither ob- 
served nor expected from the Na 3p and 4p 
peaks because of their large transition prob- 
ability to the Na 3s level. Similar secondary 
effects greatly distort the photo-conductive 
current. 

Three strong absorption bands are expected, 
due to transitions from the *P321;2 peaks to the 
Na 3s level, to the bound levels below the Cl 
conduction band and the Cl levels in the band, 
and to the Na 4s and higher peaks. The first two 


6 J. N. Ferguson, Phys. Rev. 66, 220 (1944). 
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are observed’ at 1580A and 1280A, but data are 
not available to test the third. The width of the 
1580A band results from the energy effect of 
temperature on the Na 3s level; transitions to 
this level in its lowest position (dashed line, 
Fig. 1) start strong absorption. A sharp drop in 
absorption is expected at 1000A because of much 
weaker transitions to higher levels; a decrease 
“below 1100A” has been reported.® Structure in 
the bands is also expected, and there is evidence? 
that the 1580A peak is a doublet due to the 
peaks. 

Similarly, there are three types of weak optical 
transition : from valence band to Na 3s level, to 
bound levels, and to Na peaks. The first, how- 
ever, is impossible because the Na 3s level bound 
to a Nat lattice point does not remain an allowed 
level when a positive hole is added to the point. 
Absorption of the second type should start at 
5.5 ev; this agrees with the long-wave-length 
limit observed® for the weak “tail” in absorption. 


The third type is hidden under strong absorption 
from the *P3/2,12 peaks. Negligible primary 
photo-conductivity is expected, and none is 
observed.® 

Ultra-soft x-ray absorption is predicted by 
transitions from the Nat 2p band to higher 
levels: the strongest line at 33.3 ev, due to the 
Nat 3s level, two lines at 35.1 ev and 36.8 ev, 
due to the Na 3s level and to the bound levels 
of the Cl conduction band, respectively, a weaker 
line at 38.7 ev, due to the Na peaks of the Cl 
band, and a wide band from about 41 ev to 47 ev, 
due to the Na* conduction band.* These are 
observed® exactly, except for the weak 38.7 ev 
line lost in the very strong background. 

Transitions to the Cl K level from the *P 32, 1/2 
peaks produce the x-ray Cl K®#; line. Other K 
emission lines are predicted, due to transitions 
from the Na 2p level and the middles of the 
Na* 2p and valence bands; these are observed"® 
as the K@,, n, and 8, lines, respectively. Also ob- 
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served is a A@; line, 6.0 ev higher than the K@;: 
the model can explain this by Na* electrons 
raised to the Nat 3s level during excitation. 
There are no more lines like the K8; because they 
would lie inside the Cl K edge and be strongly 
absorbed. 

Strong x-ray absorption from the Cl K level 
starts with transitions to the Na 3s level. So, the 
K edge is 7.04 ev above the K@; line; this agrees 
with the observation" of 7.06 ev. A second obser- 
vation,” 0.4 ev higher, is explained as follows: 
temperature widening of the Na 3s level causes 
absorption in the K edge to increase rapidly over 
0.8 ev, and low resolving power in the second 
observation placed the K edge at the middle of 
this range. Strong absorption is expected up to 
the top of the first Cl conduction band, that is, 
for 7.0 ev, taking account of all lattice directions 
(dashed line, Fig. 1). Then comes weak absorp- 
tion to the Nat band because of Na** ions. Ex- 
periment” confirms this. Also, it shows a second 
K edge,'* which is the basis for the second Cl 
conduction band. Fine structure is predicted in 
the first K edge, due to Na 3s level, bound levels, 
and Cl conduction-band peaks; there are no data 
on this. 

There is evidence'* that in sodium the unal- 
lowed range between the first and second 
Brillouin zones, as well as the overlap of occupied 
levels from first zone to second, are both about 

" Q, Stelling, Zeits. f. Physik 50, 506 (1928). 

#2 A. E. Lindh, Physik. Zeits. 28, 93 (1927). 


1%H. W. B. Skinner, Phil. Trans. Roy. Soc. 239, 95 
(1940), 


0.1 ev. This means a range of bound levels® and 
surface levels" of width less than 0.1 ev, that are 
occupied by electrons. Transitions from these 
bound levels are assumed much stronger than 
from zone levels. Application to bulk sodium, 
e.g., the absorption edge'® at 2100A, is omitted 
for brevity. For violet rocksalt, colored by Na 
colloids, the bound Na levels—their width is 
neglected—are fixed by the start of photo-con- 
ductivity observed"*® at 1.92 ev. Then absorption 
bands are predicted because of transitions from 
these Na levels to the Na 3s level at 0.23 ev, to 
bound levels of the Cl conduction band at 1.92 ev, 
and to the Na 39, 4s, etc., peaks at 2.33 ev, 3.42 
ev, etc. Also, since the colloids originate from the 
diffusion of Na+ ions and F centers to lattice 
flaws, the F band at 2.65 ev® is expected. There 
are no data in the infra-red. Absorption peaks 
are observed'® at 1.92 ev, 2.35 ev, 2.80 ev, and 
3.36 ev. Since F and Na-peak bands are widened 
toward each other, and resolving power is insuf- 
ficient to separate the higher Na peaks, the agree- 
ment is satisfactory. Structure in photo-con- 
ductivity at 1.92 ev and 2.33 ev is neither ob- 
served'® nor expected, because transitions in the 
1.92-ev band are predominantly to bound levels, 
and secondary transitions from Na 3p peak to 
Na 3s level are very strong. 

An F center" in the present model is an elec- 


4 E, T. Goodwin, Proc. Camb. Phil. Soc. 35, 205 (1939). 

16 R. W. Wood, Phys. Rev. 44, 353 (1933). 

16 Z, Gyulai, Zeits. f. Physik 35, 411 (1926). 

17 J. H.. deBoer, Rec. Trav. Chim. Pays-Bas 56, 301 
(1937). 


tron bound at a lattice point where a Cl atom is 
missing, and a U center’* is a hydrogen atom at 
such a point. The ground state of the U center 
is widened by interaction with Cl atoms. The F 
and U levels and absorption peaks in Fig. 2 are 
fixed by experiment.*'® Then the yield of F 
centers from U centers by U band absorption 
should decrease at higher temperatures, and heat 
alone should reproduce U centers from such F 
centers. This is observed*°—at too high tem- 
peratures the hydrogen escapes to lattice flaws. 
F center photo-conductivity® below the Cl con- 
duction band is due to the very large radius of 
the wave function (loose binding) of an electron 
in an F center. The momentum effect of tem- 
perature explains the decrease observed at low 
temperatures in F center photo-conductivity,”! 
and in the yield of F centers from ultraviolet 
absorption®? and U band absorption.*° 
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Secondary photo-conductivity has been at- 
tributed** to metallic filaments. Assuming that 
these are strings of Na colloids, then electrons 
move in the empty valence levels of the colloids 
which start at 1.80 ev below the outside of the 
crystal. This agrees with the observation of 
currents in levels down to 1.8 ev below the 
outside. Surface polarization is assumed to 
strengthen the transitions of valence electrons at 
the surface; so a secondary photoelectric effect 
is expected to start at 6.1 ev. This has been 
observed,”® starting at 6 ev. 

Adjacent vacant Cl lattice points afford a 
means of dielectric breakdown at 0°A. A very 
wide, shallow, potential valley is at each flaw. 
An electric field narrows and lowers the potential 
hill between them, and jowers the energy levels 
of the second below the first. For a lowering of 
2.25 ev an electron in the ground F level of the 
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first gets into the upper F levels of the second, 
from which it gets to conduction levels by re- 
peating the process or by other means.”* Although 
this reasoning neglects the effect of excess charge 
on the field, and of the field on the F\levels, a 
simple calculation strongly confirms it. For an 
average separation between lattice points based 
on a density of 10'*/cc (obtained from F band 
measurements’), a minimum field of 4.8105 
volt/cm is needed, while extrapolation to 0°A of 
observed breakdown strength®® gives 4.6105 
volt/cm. 

Addendum. Figure 3 resulted from additional 
observations on x-ray emission?’ and ultraviolet 
absorption,?* and from the suggestion”® that the 
model be applied to data on x-ray absorption*® 
and emission® by Na in NaCl. 

The Cl Li level was determined from the 
Cl KB, line’® and the Cl Ka, line.*? The Zy, level 
and middle of Cl 3s band were then obtained 
from the Cl Z emission bands observed?’ for 
LiCl and KCl, the structure common to both 
being assumed also for NaCl. The model then 
predicts the weak band observed?’ at about 177 
ev by transitions to the Cl Zy1, 11 levels from the 
Na 2p level (produced by absorption in the Cl 
L edge). The separation of Cl 3p and Cl 3s is 2 ev 
less than that calculated by wave mechanics.! 

Absorption bands have been observed*®* with 
maxima at 350A, 535A, 655A, and 890A. These 
data were discredited’ because the absorption 
below 1000A was greater than that above. How- 
ever, the 350A band coincides with the soft x-ray 
absorption peaks of Fig. 2. Therefore, it is 
assumed that only the intensity scale of these 
data is wrong, which leaves the structure ap- 
proximately unchanged. Then the model also 
predicts the other three bands. The levels of 
atomic Na and Cl origin in the first Cl conduction 
band end? at 13.0 ev. Weak transitions from the 
Cl *P3/2, 12 peaks to still higher levels—of wave- 
mechanical origin—produce the 890A band. A 
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corresponding band, distorted by secondary 
effects, is expected in the photoelectric current, 
and is observed.* Other weak transitions ex. 
pected are: from Cl 3s band to Na 3s level, to 
bound levels and Cl peaks of the first Cl con. 
duction band, to Na peaks and higher levels of 
this band; from Cl 3p peaks to the second C} 
conduction band, and from Cl 3s to this band. 
Of these five transitions, the first two generate 
the 655A band, so that it should be resolvable into 
a doublet, and the next two make up the 5354 
band. The fifth is hidden under stronger absorp. 
tion from the Nat 2p band (Fig. 2). 

The strongest x-ray absorption from the Na+ 
K level starts with transitions to the Nat 3p 
levels. This interpretation requires that the 
observed*®® Na K edge be reduced by 3.0 ev, so 
that it will lie at the peak of the photometer 
curve.*® Considerable structure is observed* 
above the Na K edge, the “features” of which are 
explained by the model. Strong absorption from 
the Na K edge to feature A is associated with 
strong transitions from the Na* K level to Nat 3p 
levels and Na peaks of the Cl conduction band, 
weaker absorption from A to a, with the wave- 
mechanical levels of the Cl band, absorption 
from a to 8—first increasing, and then decreasing 
—with the Na* conduction-band levels, and the 
maximum at D, with transitions to the bottom 
of the second Cl band. The structure between 
8 and 7 is explained by additional levels, of wave- 
mechanical origin, on top of the Nat band, and 
the lowering of a from 14.5 to 14.2 ev, by over- 
lapping of Cl and Na* bands. Transitions from 
the Nat K level to Na 3s and Nat 3s contribute 
to the weak absorption*®® just below the K edge. 
The Na K&, line, due to transitions to the Nat 
K level from Cl 39, is expected 12.0 ev below the 
uncorrected Na K-edge, and this is observed*! 
exactly. A weaker line is also expected from the 
valence band. 

Finally, the wave-mechanical evidence® for 
bound levels at the bottom of the first Cl conduc- 
tion band is completely satisfactory only for levels 
bound to large lattice flaws**—e.g., Na colloids. 
The levels bound to Cl and Nat centers are better 
assumed of atomic origin, starting* at 8.88 ev and 
9.03 ev above the Cl ?P3/2,1,2 mean, respectively. 


% A. Sokolow and N. Machalowa, Zeits. f. Physik 99, 
503 (1936). 
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PHYSICAL REVIEW 


Penetrating Showers in Lead* 


W. B. 
Department of Physics, University of California, Berkeley, California 
(Received September 16, 1947) 


Production of penetrating showers in lead has been observed in a cloud chamber containing 
eight }-inch thick lead plates. In over half of the 53 examples of penetrating showers photo- 
graphed high, energy electronic radiation was simultaneously produced. Many examples of 
mesons accompanying air showers were observed, but no production of penetrating particles 
in lead by electronic radiation was observed. The pictures taken give general support to recent 
theoretical speculations that the primary radiation produces penetrating particles and elec- 
tronic radiation in the same event. 


I. INTRODUCTION dividual particles be made. Since the processes 
involved in penetrating showers in lead may be 
similar to those occurring in the production of 
penetrating particles such as mesons in the 
upper atmosphere, it is of considerable interest to 
make some attempt at identification and anal- 
*This work was supported in part by the Office of ysis. Protons and mesons can be distinguished if 


HE production of penetrating showers by 
cosmic rays has been observed by means 
of counters'~* and cloud chambers.!**' Only with 
a cloud chamber can any identification of in- 


iL Janossy and P. Ingleby, Nature 145, 511 (1940). they are near the end of their range, while high 
2G. Wataghin, M.D. de Sous Santos, and P. A. energy electrons make cascade showers in lead. 

P Protons and mesons of high energy may act 

Wataghin, Phys. Rev. 59, 902 (1941). differently in one respect: Protons may make 
4L. Janossy, Proc. Roy. Soc. A179, 361 (1942). meson showers 
5 P. Auger and J. Daudin, Phys. Rev. 61, 549 (1942). : 7 . 
$L. Janossy and G. D. Rochester, Nature 150, 633 It is desirable to be able to trace the shower of 

<r Phys. Rev. 64, 345 (1943). penetrating particles from the beginning to the 


&L. Janossy and G. D. Rochester, Proc. Roy. Soc. end, and observe the entire event in a cloud 


A182, 180 (1943). 
*1. Janossy and G. D. Rochester, Proc. Roy. Soc. A183, chamber. In practice, the high energies of the 


181 (1944). ; particles created make this impossible in many 
1012 i909}, ant G. present experiment was designed for 
1 W. Powell, Phys. Rev. 58, 474 (1940). observation of the initial event, with as much 


2 J. G. Wilson, Proc. Roy. Soc. A174, 73 (1940). 
| Janossy, C. B. McCusker, and'G. D. Rochester, /€ad as possible in the cloud chamber for iden- 


Nature 148, 660 (1941). tification of the particles. All pictures were taken 


194n). Herzog and W. H. Bostick, Phys. Rev. 59, 122 2+ .e4 Jevel with only a thin roof of sheet metal 
6D. J. Hughes, Phys. Rev. 60, 414 (1941). and wood over the cloud chamber. 
16 W. Powell, Phys. Rev. 60, 413 (1941). 
17E, O. Wollan, —_ Rev. 60, 532 (1941). 
19L. Seren, Phys. Rev. 62, 
»W. E. Hazen, Phys. Rev. 64, 257 (1943). The cloud chamber was 16 inches in diameter, 
W. E. Eason, Phys. Rev. 68, 215 (1905). 9 inches deep, and contained eight }-inch thick 


2]. Daudin, Ann. de eye 18, 217 (1943). , : 
* D. M. Bose, B. Choudhuri, and M. Sinha, Phys. Rev. lead plates, 8 inches wide. These were supported 


65, 341 (1944). 
J. Daudin, Ann. de physique 19, 10 (1944). from }-inch slabs of Lucite and were tilted so 
#8 W. E. Hazen, Phys. Rev. 65, 67 (1944). that the camera viewed them all end-on. One of 


Janossy, G. D. Rochester, and D. Broadbent, 
Nature 155, 142 (1945). the difficulties with multi-plate cloud chambers 


27 W. Powell, Phys. Rev. 69, 385 (1946). has been the lateral displacement of tracks in the 
* R. P. Shutt, Phys. Rev. 69, 261 (1946). 

*°G. D. Rochester, Proc. Roy. Soc. A187, 464 (1946). chamber because of irregular motion of the gas 
© W. B. Fretter and W. E. Hazen, Phys. Rev. 70, 230 during expansion. The Lucite side plates seemed 


= D. Rochester, C. C. Butler, and S. K. Runcorn,’ * Prevent this effect, and removed one source of 
Nature 159, 227 (1947). , - ’ confusion in the analysis of showers. The plates 
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were covered with very thin aluminum foil for 
reflection of light. The light for photography was 
at right angles to the line of sight and was 
provided by G.E. flash tubes FT-422 flashed on 
220 mfd, 1700 volts. The illuminated depth was 
five inches. The chamber was counter-controlled 
with various arrangements of counters, but was 
always selective for showers. 

Several different counter arrangements were 
used during the course of the experiment. In 
order to increase the yield of usable pictures there 
was always a counter below the cloud chamber. 
Since it was necessarily some distance below the 
lowest lead plate and no other lead shielding 
was used, low density side showers often tripped 
the counters and were not recorded in the cloud 
chamber. Most of the pictures were taken with 
one of the following arrangements: (1) Selective 
for air showers. Counters in triple coincidence, 
one above the chamber, one below, and one at a 
distance of one meter horizontally from the 
upper chamber. (2) Selective for narrow air 
showers. Same as (1) except the distance was 20 
cm. (3) Selective for showers produced in the 
chamber. Counters in triple coincidence, two 
side by side just below the chamber, with the 
third 18 inches below these two. 

With arrangements (1) and (2) most of the 
pictures showing counter-controlled tracks were 
those of electron air showers. With arrangement 
(3) a large fraction of the pictures with counter- 
controlled tracks showed single penetrating 
particles making knock-on electrons in the last 


lead plate. 


III. THE ELECTRON SHOWERS 


Approximately 1000 pictures of electron 
showers were obtained, the particles of which 
penetrated three or more lead plates. Over 500 
more were observed penetrating two plates or 
less, the identification being uncertain because of 
the low particle density in low energy air 
showers. The total number of electron showers 
incident on the apparatus was probably about 
2000. One hundred and one of these penetrated 
all of the eight lead plates. An example of a high 
energy electron shower, several particles of which 
penetrated the eighth plate, is shown in Fig. 1a. * 

In 52 pictures of electron showers, penetrating 
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particles associated with the shower (tracks of 
about the same age) and moving parallel to it 
were observed. This amounts to 2.5 percent of 
the pictures of air showers showing parallel 
penetrating particles. The counter experiments 
of Cocconi, Loverdo, and Tongiorgi*® on pene- 
trating particles in air showers are thus sup- 
ported by cloud-chamber observations of air 
showers. 

In no case were penetrating particles observed 
produced in an air shower by electronic radiation. 
Production of penetrating particles by electronic 
radiation would, of course, be of great interest, 
and the electron showers were examined carefully 
for evidence of this type of reaction. Penetrating 
particles made in high energy electron showers 
might be masked by the high density of particles, 
and there were many pictures in which the 
existence of penetrating particles could not have 
been observed. There were a great many more 
favorable cases, however, and the usually large 
angle of deviation of penetrating particles in the 
true penetrating showers (see below) makes 
detection of these particles fairly easy. 

Heavy tracks, presumably protons, were ob- 
served in only 24 electron showers. Thus, it 
seems that the cross sections for production of 
penetrating particles (mesons or fast protons) 
and slow protons by electrons or y-rays must be 
extremely small. 


IV. ELECTRON BURST PRODUCTION BY 
PENETRATING PARTICLES 


In 93 pictures an ionizing particle, after 
traversing three or more of the lead plates 
without any interaction, created an electron 
shower that penetrated at least two plates. 
These are probably mostly examples of radiation 
by mesons, with the y-ray creating an electron 
shower. Seventy-five percent of these occurred 
with counter set-up 3) which was, of course, more 
favorable to this sort of event. Twenty-two of 
the bursts penetrated four or more of the lead 
plates, indicating that the energies involved in 
such electron showers may be 500-1000 Mev, 
and might have been a considerable fraction of 
the energy of the incident meson. 


% G. Cocconi, A. Loverdo, and V. Tongiorgi, Phys. Rev. 
70, 852 (1946). 
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V. THE PENETRATING SHOWERS these events varied widely, from low energy 
Fifty-three pictures were obtained in which events in which a penetrating particle created 
one or more penetrating particles were produced one or two other penetrating particles and usually 
in the cloud chamber. The energy released in a few heavy tracks, to extremely high energy 


Fic. 1. a. Electron shower penetrates 10 cm of lead. b. Penetrating shower possibly made by neutral radiation. 
Conservation of momentum in such a high energy event makes it unlikely that the heavy track above the top 
plate produced the shower. The particle making this heavy track was probably a slow particle produced in 
the event. c. An air shower of five penetrating particles is incident on chamber, with penetrating particles 
produced in the fourth and possibly the seventh plate. d. An air shower with a penetrating particle that produces 
a penetrating shower in the seventh plate. 
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events in which many penetrating particles and 
electrons were created. Analysis of the pictures 
reveals several characteristic properties of pene- 
trating showers. 

(1) Many of them are created by ionizing 
penetrating particles. Thirty such showers were 
observed, with 7 others created in the top plate 
by ionizing particles so that the penetrating 
power could not be observed. Six showers were 
believed to be initiated by neutral radiation, and 
in 10 others the initiating particle was uncertain. 
It seems clear, however, that neutral radiation 
can create penetrating showers, but the selec- 
tivity of the first two counter arrangements for 
ionizing particles excluded neutral radiation for 
part of the time. One could not say that the 
results of this experiment were in disagreement 
with Janossy and Rochester,’ who found that 
the penetrating showers are produced almost 
equally by ionizing and nonionizing particles. In 
60 percent of the showers the initiating particle 
was not accompanied by other particles, but in 
most of the very high energy events the initiating 
particle was accompanied by other particles. 

(2) Heavy tracks of protons or slow mesons 
were observed in 70 percent of the pictures, and 
often several were seen scattered throughout the 
shower. The presence of heavy tracks is in dis- 
tinct contrast to the case of electron showers, 
where heavy tracks were relatively rare, and 
may be due to neutrons produced in the initial 
event or accompanying the shower-producing 
radiation. In the high energy events heavy 
tracks were almost always produced in the 
initial event, sometimes upwards, and may have 
been the debris from the original nuclear ex- 
plosion. 

(3) The penetrating particles produced had 
usually a rather wide angular deviation from the 
direction of the initiating particle, and the shower 
continued to fan out from the initial point. This 
is in contrast to the behavior of electron showers 
where the angular spread is due primarily to 
multiple scattering and the wide-angle particles 
do not usually penetrate the next plate. 

(4) The number of identifiable penetrating 
particles produced in a given event varied from 
1 to 15, according to the energies involved. The 
multiplicity in the high energy events may have 


been even higher, but the particles could not be 
counted in the core of the shower. 

(5) Showers started with almost equal prob- 
ability in any one of the lead plates, except the 
seventh plate, in which almost twice as many 
were observed as in any other. This is very 
likely due to the geometry of the counter set-up 
which would be selective for showers produced 
near the bottom of the chamber. The amount of 
lead in the chamber would have to be increased 
considerably in order to measure an absorption 
coefficient by counting events occurring in each 
plate. 

(6) In three pictures successive production of 
penetrating particles was observed. This indi- 
cates that some particle like a negative proton 
or antimatter is not responsible for the event, 
for if an explosive action such as an annihilation 
of a negative proton had to occur to make a 
penetrating shower, it could only occur once, 
and successive events such as observed here and 
in a previous experiment*®® would not occur. 

(7) Sixty percent of the pictures showed clear 
evidence that electronic radiation was simul- 
taneously produced having energies large enough 
to create an electron shower. In many of the 
high energy events the electron shower produced 
was very large and made observation of the 
penetrating component difficult. One shower 
(Fig. 2d), although obviously a nuclear event 
because of the multiple production of heavy 
tracks in the initial event, contained no iden- 
tifiable penetrating particles, although it is 
possible that the core of the shower consists of 
both electrons and penetrating particles. 

(8) In only six pictures was it possible to 
identify any one of the penetrating particles as 
mesons, although the identification by ionization 
and scattering in these cases was quite clear. 

(9) The frequency of penetrating showers with 
counter arrangement (3) was 0.035 per hour. 


VI. DISCUSSION 


Events in which high energy penetrating par- 
ticles and high energy electrons occur simul- 
taneously have been observed in cloud chambers 
by Rochester®® and Daudin,”™ although the initial 
event was not seen in these cases. Rochester 
shows that the electrons cannot have been 
produced by knock-ons or decay electrons of 
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ordinary mesons, but that if they are decay events not only charged mesons may be pro- 
products, the lifetime of the mesons producing duced, but ‘also uncharged mesons. The neutral 
them must be extremely small. Recently J. R. mesons are calculated to have an extremely short 
Oppenheimer has suggested that in these nuclear life (~10-" sec.). Thus, even if the neutral 


Fic. 2. a. Penetrating shower in which mesons can be identified by scattering and ionization. b. Penetrating 
particle makes a shower of electrons, slow heavy particles, and fast penetrating particles. c. High energy event 
with many high energy electrons and penetrating particles. d. Nuclear event in which seven slow oy ee 
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and high en 
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electrons are produced. Continued production of heavy tracks throughout the 
penetrating showers, but no penetrating tracks are o > 
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mesons were given a large amount of energy in 
the initial event they would decay almost im- 
mediately and produce a pair of y-rays, which 
would then create the electron shower. Recent 
calculations by Heitler and Power*® indicate that 
“‘transverse’’ mesons of short lifetime may be 
responsible for the production of electron 
showers. 

Whatever the actual mechanism for produc- 
tion of high energy electrons may be, it seems 
clear that they are produced simultaneously with 
penetrating particles and may absorb enough 


3 'W. Heitler and S. Power, Phys. Rev. 72, 266 (1947). 
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of the primary energy to account for the very 
energetic electron air showers observed by Auger 
and others. It seems likely that primary particles 
and possibly high energy neutrons created by 
them are responsible for the showers observed. 
The frequency of events observed is not incon- 
sistent with the number of primaries expected 
at sea level as estimated from the somewhat 
uncertain values of primary intensity and ab- 
sorption in the atmosphere. 

I am indebted to Professor R. B. Brode for his 
friendly interest in this experiment and to 
Professor J. R. Oppenheimer and Professor W. E. 
Hazen for stimulating discussions. 
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Total-energy distributions of the photoelectrons from aged polycrystalline tungsten ribbons, 


with the usual rolling texture, were determined by applying retarding potentials to spherical 
collectors. Particular attention was paid to the region of low energy. When stray fields were 
eliminated, energy-distribution functions rose linearly with energy. The average work function 
was determined by extrapolation of (current)!-voltage curves to the saturation line. The result 
agreed with the value 4.49 ev determined both from the spectral distribution and from the tem- 
perature variation of the photo-current. Application of spherical photo-cells to investigations of 


semiconductors is discussed briefly. 


1. INTRODUCTION 


SING simple assumptions about photoelec- 
tric emission from a Sommerfeld metal, 
Fowler' and DuBridge® developed graphical 
methods for analyzing photoelectric data. These 
techniques are convenient for determining the 
work functions of metals used as reference sur- 
faces in studies of semiconductors.* This paper 
reports work done in preparation for such in- 
vestigations. 


* Presented in part at the meeting of the American 
Physical Society, New York, New York, January, 1947. 

1R. H. Fowler, Phys. Rev. 38, 45 (1931). 

?L. A. DuBridge, Phys. Rev. 39, 108 (1932); 43, 727 
(1933); New Theories of the Photoelectric Effect (Hermann 
and Cie, Paris, 1935). 

3R. A. Millikan, Phys. Rev. 18, 236 (1921); E. U. 
Condon, Phys. Rev. 54, 1089 (1938). 


The general theory of the photoelectric effect‘ 
has justified the assumptions of Fowler and Du- 
Bridge for a uniform, ideal metal surface with a 
potential barrier rounded by an image field. 
Faces of metallic single crystals approximate this 
ideal case. For such surfaces, Fowler’s work pro- 
vides a simple interpretation of the spectral dis- 
tribution near the threshold. DuBridge’s analysis 
treats the temperature variation of the photo- 
current and the energy distribution of the emitted 
electrons. 

These techniques had their original success, 
however, when applied to polycrystalline metals. 


*K. Mitchell, Proc. Camb. Phil. Soc. 31, 416 (1935); 
L. I. Schiff and L. H. Thomas, Phys. Rev. 47, 860 (1935); 
R. D. Myers, Phys. Rev. 49, 938 (1936); A. G. Hill, Phys. 
Rev. 53, 184 (1938); R. E. B. Makinson, Proc. Roy. Soc 
A162, 367 (1937); H. Y. Fan, Phys. Rev. 68, 43 (1945). 
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In such cases, work functions may vary from 
point to point by several tenths of a volt. Em- 
pirical values are more or less complicated aver- 
ages, the exact magnitudes of which depend on 
the particular methods of determination. Simple 
interpretations of such results may give rise to 
discrepancies, as careful investigations in thermi- 
onics have shown so clearly in the past ten years.® 

The work reported here was done to test the 
agreement of three useful photoelectric methods 
in determining the “average work function”’ of 
polycrystalline ribbons. The spectral distribution 
of the photoelectric yield was analyzed by 
Fowler’s method. The temperature variation of 
the yield was treated by DuBridge’s method. 
Current-voltage data were compared with Du- 
Bridge’s analysis of the total-energy distribution 
of the photoelectrons, and the work function was 
determined from the emission energies. Particu- 
lar attention was given the region of low energies, 
in which results for other materials do not agree.*® 

Work functions determined by the three meth- 
ods agreed to within a few hundredths of a volt. 
Fowler plots gave the value 4.49 ev. The energy- 
distribution function rose linearly with energy at 
low energies. 

The new features of the photo-cells are de- 
scribed in Section 2. The results are given in 
Section 3 and are discussed in Section 4. 


2. EXPERIMENTAL DETAILS 


Figure 1 shows the construction of the two 
photo-cells used. They were like those previously 
used by Roehr,’ except that the emitter supports 
were covered with nickel sleeves. These sleeves 
were held at various potentials with respect to 
the tungsten-ribbon emitters. Unavoidable con- 
tact-potential differences between the emitter 
and the supports were thus compensated. 

The emitters were 99.9+ percent pure tung- 
sten ribbons, 0.25 cm wide, 2.5 cm long, and 
0.0025 cm thick. The aging treatment after as- 
sembly of the photo-cells was such that the 
original rolling texture was almost, but not quite, 
preserved. Most of the crystallites were oriented 


5M. H. Nichols, Phys. Rev. 57, 297 (1940); 59, 944A 
(oan W. B. Nottingham, Bull. Am. Phys. Soc. 22, 14 
_*E, Rudberg, Phys. Rev. 48, 811 (1935). For a discus- 
sion, see A. G. Hill, Phys. Rev. 53, 184 (1938). 
7™W.W. Roehr, Phys. Rev. 44, 866 (1933). 
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FROM TUNGSTEN 


Fic. 1. Schematic diagram of photo-cell. 


with (100) directions within 10° of the perpen- 
dicular to the ribbon surface.*® The average 
crystal diameter was about 0.005 cm. At the 
grain boundaries there were barely detectable 
grooves, apparently due_to preferential thermal 
etching. The rest of the surface appeared smooth 
when magnified 500 diameters. 

Pressure in the tube after the seal-off was 
2.10-§ mm Hg as indicated by an ionization gauge 
calibrated for air."° The active gas pressure was 
such that the work function of the clean ribbon 
increased by about 0.5 ev to an equilibrium value 
in 4 days. The transient pressure increase caused 
by flashing the ribbon showed that there was 
roughly 20 percent of a monolayer of adsorbed 
gas on the contaminated tungsten. Most of this 
could be removed by a 10-sec. flash at 1100°K; 
the remainder came off at 2100°K. Before 
each photoelectric measurement, the ribbon was 
flashed at 2900°K. Spectral data could be taken 
in 20 seconds, current-voltage curves in three 
minutes." 

Radiation sources for energy measurements 
were low pressure Zn, Cd, or Hg discharges in 
rare gas. The desired spectral lines were isolated 
with a Bausch and Lomb quartz monochroma- 
tor.” No background radiation could be detected 


®* W. G. Burgers and J. J. A. Ploos van Amstel, Physica 
3, 1064 (1936); J. F. H. Custers and J. C. Riemersma, 
Physica 12, 195 (1946). 

® Mr. Eric Asp kindly took x-ray diffraction photographs 
of the ribbons. 

1° For the type of evacuation schedule used, see W. B. 
Nottingham, Phys. Rev. 55, 203 (1939); J. App. Phys. 8, 
762 (1939). 

11 The initial contamination rate after a flash caused the 
saturation photo-current for hy=4.89 ev to decrease by 
0.1 to 0.4 percent per min. When necessary, plots of current 
vs. time were extrapolated back to the time zero. No effects 
due to contamination were found. See C. E. Mendenhall 
and C. F. DeVoe, Phys. Rev. 51, 346 (1937). 

We are indebted to the University of Rochester 
Physics Department for the loan of this instrument. 
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Fic. 2. Fowler plot for normal incidence and for 
T =300°K. The point at the extreme left is an upper limit 
set by the sensitivities of the thermocouple and the current 
detector. For currents measured in electrons/quantum, the 
additive constant on the ordinate scale is — 7.765. 


between lines. Intensities were constant to 0.2 
percent. On the emitter, the area illuminated 
varied from 0.5 to 1.0 mm?. The angle of inci- 
dence could be changed by moving this spot over 
the surface. For spectral measurements, Hg arcs 
operating at 2 atmospheres served as sources. In 
this case, intensities were constant to 1 percent, 
and corrections for background were made when 
necessary. | 

Intensities were determined with a compen- 
sated vacuum thermocouple® calibrated against 
a standard radiation source from the Bureau of 
Standards. Currents were measured with a split 
FP-54 electrometer tube™ using a 5.102 grid 
resistor and a sensitivity of 50,000 mm/volt. 


3. RESULTS 


Figure 2 is a Fowler plot for the clean rib- 
bon. The parameter a in Fowler’s equation, 
I=aAT*$(hv/kT), rose from 2.8-10-* cm? sec. / 
quantum at @=0° to 14-10-* cm? sec./quantum 
at 0=45°, where @ is the angle of incidence of the 
radiation. The variation was roughly parabolic 
near 6=0. The work function determined was 
¢g=4.49+0.02 


. M. erty and K. H. Kingdon, J. App. Phys. 17, 
894 (1946). 

4 The data of Fig. 2 fall below the Fowler curve for 
hv/kT>190. This is difficult to understand, since a non- 
uniform surface should produce deviations in the other 
direction. This discrepancy, however, has no important 
effect on the value of the work function determined from 
the Fowler plot. Mendenhall and DeVoe" found that data 
for the faces of a single tungsten crystal fitted Fowler plots 


In Fig. 3 are DuBridge isochromatic plots 
showing the temperature variation of the photo- 
electric yield for hy = 4.42, 4.49, and 4.59 ev. The 
temperature was changed from 300°K to 1040°K, 
the latter value being determined with an optical 
pyrometer. The work function determined was 
¢=4.49+0.02 ev. Values of a varied by a factor 
of 2. 

Figure 4 shows the interesting portions of 
current-voltage curves for hy =4.89 and 5.80 ey. 
Data were taken in the range —10<V<189 
volts. Ordinates in Fig. 4 are normalized at 
V=+10 volts. The dashed curves show the 
effects of the sleeve potentials. The work function 
of the sleeves as determined from photoelectric 
measurements was 5 volts. The resultant 0.5-volt 
contact-potential difference between the sleeves 
and the ribbon was thus compensated by a +0.5- 
volt sleeve potential. Reverse currents were pres- 
ent for hy=5.80 volts. Corrections were made by 
extrapolation of the reverse current line in the 
usual way.'* This was checked by repeating the 
process with the ribbon contaminated, in which 


x 459ev $*4.5iev 
hd= 4.50ev $*447ev 
ahd+442ev 


\ 


-05 | 
Fic. 3. Type DuBridge plot for the temperature varia- 
tion of the photoelectric yield between 300°K and 1040°K. 


For each value of hv, the corresponding value found for ¢ 
is shown. 


, A range of hy/kT equal to 40 when the surfaces were 


n. 
16 P, Lukirsky and S. Prilezaev, Zeits. f. Physik 49, 236 
(1928); S. Prilezaev, J. Tech.Phys. U.S. S.R. 9, 1439 (1939). 
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PHOTOELECTRONS FROM TUNGSTEN 


case the reverse current was a larger fraction of 
the total. 

Figure 5 shows a DuBridge plot for T=300°K 
and hy=4.89 ev. Values of eVo=hy—g,., where 
yg. is the work function of the collector, could be 
determined from these plots to within +0.01 volt. 
Points so determined are marked with arrows in 
Fig. 4. 

Figure 6 shows the current-voltage curves 
plotted on a parabolic scale. Currents were 
normalized at V=+0.7 volt, a point definitely 
on the saturation line. The plots were insensitive 
to the particular value of V selected for normal- 
ization. Saturation points determined by this ex- 
trapolation process were V,= +0.62+0.02 volt. 
The extreme range of these values is shown by 
the brackets above the arrows in Figs. 4 and 6, 
The value of y» determined from Einstein’s rela- 
tion, e=hvy—e(V,— Vo), was 4.48+0.03 ev. 

The saturation lines in Fig. 4 were clearly not 
horizontal. Between V=10 and V=180 volts 
the photo-current increased 4.5 percent for 
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Fic. 4. Portions of typical current-voltage curves for 
hy =4.89 and 5.80 ev; T = 300°K. Complete curves extended 
from V=—10 to +180 volts. The photo-current at 
V=+10 is set equal to 1. The ordinates for hy =5.80 ev 
are expanded by a factor of ten in the inset to show the 
behavior of the exponential temperature “‘tails” in the 
presence of reverse currents. Sleeve potentials in volts are 
written next to the curves; a value of +0.5 compensates 
for the effect of stray fields. Experimental points were taken 
at intervals of 0.02 volt near the tails and near the satura- 
tion points. Their deviation from the curves is not visible 
on this scale. Arrows mark the values of Vo and V, deter- 
mined from Figs. 5 and 6, respectively. 
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Fic. 5. Typical DuBridge plot for total-energy distribu- 
tion. T=300°K; hy=4.89 ev. The theoretical curve for 
Xo = (hv— vy) /kT =15.8 is shown as a solid line; curves for 
Xo= 10 and 20 are dashed. The value of V, determined from 
this _— is +0.21 volts. It shows a negligible dependence 
on the value of V, used in evaluating x. In this case, 
V,=+0.62 volt was taken from Fig. 6. 


x, 


hv=4.89 ev and 1.8 percent for hy=5.80 ev. 
From the geometry, rough estimates were made 
of the field F at the emitting area.’” Plots of J vs. 
F' had roughly 5 times greater slope at F = 1-volt 
cm than that calculated from Fowler’s equation 
and Schottky’s relation, Ag=(eF)!; at F=100- 
volt cm~' the experimental slope was less than 2 
times the theoretical value. 


4. DISCUSSION 


The results in Section 3 show that the methods 
of Fowler and DuBridge gave consistent values 
for the work function of two polycrystalline 
tungsten ribbons. The slopes of the saturation 
lines in Fig. 4 indicate that there were surface 
non-uniformities with a patch spacing larger than 
those normally found in thermionic work.'* The 
three methods used for determining work func- 
tions represent quite different kinds of averaging 
over these patches, but the results differed by 
only a few hundredths of a volt. A similar result 


17 We are indebted to Mr. R. N. Hall for the results of 
his calculation of the field in a spherical condenser with a 


radial support. 
18 J.A. er, Rev. Mod. Phys. 7, 95 (1935); C. Herring, 


private communication. 
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APPLIED POTENTIAL, V (VOLTS) 


Fic. 6. Current-voltage data for hy=4.89 and 5.80 ev 
plotted on a parabolic scale. The extreme range over which 
V, varied for six sets of data is shown by the bracket over 
the upper arrow. The lower arrows show values of Vo deter- 
mined from Fig. 5. DuBridge’s analysis gives a straight 
line passing through Vp and V, at 0°K. 


has been obtained in early work on the equality 
of the photoelectric and thermionic work func- 
tions for other metals.2'* An emitter with a small 
fraction of its area occupied by patches of higher 
work function than the rest would behave in this 
manner. It is of interest in this connection that 
the average work function of the tungsten rib- 
bons used here is close to Nichol’s value of 4.56 
ev for the thermionic work function associated 
with the (100) direction in single-crystal tungsten 
wire.® 

In the low energy region, the current-voltage 


18 Interpretation of such comparisons is complicated b 
the wide difference between the temperatures at whic 
photoelectric and thermionic phenomena are observed. For 
discussions see F. Seitz, The Modern Theory of Solids 
(McGraw-Hill Book Company, Inc., New York, 1940); 
C. Herring Phys. Rev. 59, 879 (1941). 

* Dr. Nichols has kindly informed us that his published 
value, 4.53 ev, is 0.03 ev too low because of a computa- 
tional error. 


characteristics of Fig. 4 are parabolic, correspond- 
ing to a total-energy distribution function rising 
linearly with energy. This point has been the 
subject of previous discussion.” ®*! Henshaw has 
obtained an analogous result in work on the 
normal-energy distribution of photoelectrons 
from potassium films.” 

The surface properties of semiconductors can 
be investigated with particular convenience in 
spherical photo-cells with interchangeable emit- 
ters.? Work functions of metals used for purposes 
of comparison can be found by the methods of 
Fowler and DuBridge, but for semiconductors 
this is not the case. Prilezaev in work on SbCs;,, 
a non-metallic material, has used the saturation 
point of current-voltage curves to determine 
contact-potential differences.'® Since the collector 
work function was known, the emitter work func- 
tion could be obtained. The results in Section 3 
show that this procedure is sensitive to stray 
fields. Where these are compensated, however, 
work functions so determined for tungsten agree 
with those found by the two other methods used. 

Current-voltage curves for metallic emitters 
fall to zero exponentially when V is of the order 
of 0.1 volt more negative than Vo=(hy—¢,)/e. 
For ideal semiconductors they approach zero in 
a different way at values of V several tenths of a 
volt more positive. Inspection of Fig. 4 shows 
that such an effect is also found for metals if stray 
retarding fields are present. The region near the 
saturation point is even more easily distorted. 
Retarding-potential measurements, especially at 
low energies, are obviously not reliable unless 
these fields are eliminated. 
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11. Liben, Phys. Rev. 51, 642 (1937). 
2 C.L. Henshaw, Phys. Rev. 52, 854 (19.37). 
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On the Magnetic Field of a Rotating Molecule 


G. C. Wick 
University of Notre Dame, Notre Dame, Indiana 


(Received September 22, 1947) 


The space distribution and magnitude of electronic currents in a rotating molecule with a '2 
ground state are re-examined. An evaluation of the magnetic field set up by the rotation is 
attempted, and the results are used to interpret the width of radiofrequency resonance lines 


of some alkali halides. 


I. INTRODUCTION 


HE study of radiofrequency spectra of 
molecules in a strong magnetic field has 
shown that the resonance lines associated with 
nuclear magnetic moments are often quite wide, 
indicating the presence of relatively strong 
interactions within the molecule. In many cases 
the magnitude of the effect has been satisfactorily 
explained on the assumption that the nucleus 
possesses a quadrupole moment.’ This explana- 
tion, however, does not apply to the resonance 
associated with the F'® nucleus in alkali fluorides 
(4000 cycles/gauss sec.), as the nucleus has 
spin } and cannot have a quadrupole moment. 
The widths at half-value of the resonance line 
are given in the second column of Table I*. The 
remaining columns in the table will be explained 
later. In two out of the three molecules studied 
so far the width was felt to be surprisingly large, 
considering that it could only be due to mag- 
netic interactions. An admittedly somewhat 
naive evaluation of the magnitude of the inter- 
actions leads one to expect much smaller widths 
than found, see below. The problem, therefore, 
seemed to deserve further consideration. 

The measurements are performed in a strong 
magnetic field, se that both nuclear spins in the 
molecule, as well as the molecular rotation, are 
quantized in the direction of the field; in the 
transitions studied here the alkali nucleus does 
not flip over, so that only the two following 
interactions are of real importance: (a) inter- 
action between the magnetic moments of the 
two nuclei, and (b), interaction between the 


1B. T. Feld and W. E. Lamb, Phys. Rev. 67, 15 (1944); 
W. A. Nierenberg, N. F. Ramsey, and S. B. Brody, Phys. 
Rev. 70, 773 (1946). 

21 am indebted to Drs. Rabi, Ramsey, and Nierenberg 
for communicating to me these as yet unpublished data. 


moment of the F'® nucleus and the molecular 
rotation. Interaction (a), however, is much too 
small to account for the effects observed and 
will be neglected. We are left with (b). The 
broadening of the line is then due to the fact 
that the rotation of the molecule causes a 
magnetic field at the nucleus, which is propor- 
tional to the component my of the rotational 
momentum along the axis of quantization. Hence 
molecules with different m,’s will have different 
frequencies, the shift being 


=4000H,m,,: (1) 


where JJ, is the rotational magnetic field per 
unit rotational quantum number. 

As the observed shape of the resonance line 
seems to fit the statistical distribution of m, 
values (that follows from Boltzmann’s law), one 
may confidently use the width at half-value of 
the line to compute the “‘experimental”’ value of 
H,. A simple statistical consideration shows that 
one-half of the molecules must have an |m,| 
smaller than 0.674(k7/2B)!. This is listed as 
m,(%) in the table. B is the rotational constant 
of the molecule h?/27. Its value is not known 
from direct spectroscopic data;* it is known, 
however, for other alkali halides, and it is found 
that the internuclear distance in the molecule is 
from 0.1 to 0.3A smaller than the sum of the 
ionic radii. The internuclear distances listed in 
the table are derived from this rule, the uncer- 
tainty being of the order +0.1A, which is quite 
accurate for our purpose. Inserting the value of 
m,(4) in Eq. (1) and comparing the shift with 
the half-width of the line, the values of /, listed 
in the table have been obtained. 

These values are remarkable both as regards 


3’ For CsF see, however, H. K. Hughes, Phys. Rev. 70, 
570 (1946); 72, 614 (1947). 
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TABLE I, Magnitude of the magnetic field at the nucleus 
caused by molecular rotation computed from the width of 
the resonance line. 


resonance nuclear B 
Mole- line distance 
cule (Mc/sec.) r(A) (10-%erg)(cm™) my(4) (gauss) 
LiF 0.5 1.8 2.0 1.0 13.1 +4.8 
NaF 0.08 2.1 0.73 0.37 21.8 +0.46 
CsF 0.5 2.6 0.3 0.15 34 +1.85 


the magnitude and the trend with increasing 
mass of the alkali. A naive estimate of the 
magnitude of H, could be made on the assump- 
tion that the magnetic field is simply caused by 
the rotation of the alkali ion relative to the F 
nucleus. One should have H,=2Be/hcr, since 
2B/h is the angular velocity of the rotation per 
unit rotational quantum number. For LiF one 
finds H,=0.33 gauss, a value 14 times smaller 
than observed. In CsF the discrepancy is by a 
factor 50. As the mass of the alkali is varied, 
one might expect H, to vary roughly propor- 
tionally to the angular velocity, i.e., to B. 
Instead, H, drops to a very low value for NaF 
and rises again to a high-value for CsF. 

Another naive way of estimating H, consists 
in the assumption that the electron cloud rotates 
rigidly with the molecule. The field estimated in 
this way‘ is indeed of the order of magnitude 
required by experiment. Unfortunately, the as- 
sumption of a rigid rotation of the electron 
cloud is wholly unjustified. Because of the slip 
phenomenon that was first observed and under- 
stood in the case of the He molecule,® a rotation 
of the spherically symmetrical shells of the F- 
ion can be induced only insofar as these shells 
are polarized by the neighboring ion; we shall 
see in Section V that the rotation of the 1s and 
2s shells is quite negligible, and even the 2p 
shell can only yield a very small field. 

‘The main contribution comes from the electron shells 
of the F~ ion itself. In the evaluation one may assume 
(see Section II) that the rotation takes “-; around the F 


nucleus. A spherically symmetrical shell containing z 
electrons rotating with an angular velocity 2B/h causes a 
field at the center: H,=(42eB/3hc)(1/r). For the 2p > shell 
of F~, z=6, and the average reciprocal distance 1/r is 
about 2.10® cm~'. The contribution of the 2p shell alone 
is 4.8B with B in cm™, or about the field observed in LiF. 
In CsF one ought to assume a partial rotation also of the 
inner 1s and 2s shells. 

5 R. Frisch and O. Stern, Zeits. f. Physik 85, 4 (1933); 
G. C. Wick, Zeits. f. +s 85, 25 (1933) and Nuovo 
Cimento 10, 118 (1933); N. F. Ramsey, Phys. Rev. 58, 
226 (1940). : 
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It will also appear from the following discus- 
sion that the distribution of the currents induced 
by the rotation within the molecule is, in general, 
quite different from the distribution correspond- 
ing to a rigid rotation. In the next section the 
general formulae for these currents will be 
developed, and later various models will be 
examined. 


Il. GENERAL FORMULAE 


For simplicity, we shall treat the rotation of 
the molecule classically. We consider a system 
of axes rigidly connected to the molecule, the z 
axis being the line that joins the nuclei. We 
assume that the rotation takes place around the 
x axis. One can then write, first of all, the time- 


‘dependent Schrédinger equation for the elec- 


trons, referred to non-rotating axes (one must 
use the time-dependent equation because the 
potential is time dependent). Assuming a solution 
that is stationary with respect to the rotating 
axes, and transforming the equation to these 
axes, one finds: 


Ey = Hel — whl, (2) 


where Hp is the Hamiltonian, such as it would 
be if the system were not rotating. The perturba- 
tion term caused by the rotation contains w, the 
angular velocity, and the x component of the 
total orbital momentum of the electrons: AL-.° 
We may write: Aw=2BJ, where J is the rota- 
tional quantum number. We see, therefore, that 
all first-order effects caused by the rotation will 
be proportional to J. We shall henceforth refer all 
such effects to unit rotational quantum number. 

A simple perturbation calculation shows that 
the electronic current j induced by the rotation is 


j=2B >’ [Lonjaot+jonLno], (3) 


440 

where L stands for Lz, and jo, is a matrix 
element of the unperturbed current density, for 
example, in the case of one electron only: jo, 
= (teh /2m)(Wo* grady, gradyo*). Moreover, 
Eo is the energy of the electronic ground state of 


® We neglect the interaction of the rotation with the 
electronic spins. This is permissible in light molecules in a 
singlet state. Inclusion of that interaction would lead to 
only slightly more complicated formulae, while leaving 
the main conclusions unchanged. 
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the molecule, and E, is the energy of an excited 
state. Only II-states contribute to the sum in (3) 
if the ground state is of the = type. From Eq. 
(3) it is found that the magnetic moment caused 
by the rotation, see also reference 5, is 


M= —4B Lon 1?/(E,— Eo) 
Bohr magnetons. (4) 


It may be noticed that this moment has the 
sign that one would expect from a rigid rotation 
of the electron cloud together with the nuclei; 
the magnitude, however, may be entirely differ- 
ent, as we know from the case of the molecule He. 

From Eg. (3) it is also possible to derive an 
expression for the average magnetic field H, at 
any point within the molecule. If r is the radius 
vector from the field point to an unspecified 
integration point, and setting 


Hon rx jondr/r?, 


we have 


H,=2B { HonLnot+ no}. (5) 


Let us assume for a moment that the point at 
which we want the field is on the rotation axis; 
then the integral that yields Hp, is seen to be 
the same that yields Zo,, but for the presence of 
an additional factor r~*. The value of (5) is then 
of the order of (4) divided by the cube of a 
distance, which is an average distance of the 
electrons from the point under question. The 
value of the field found by Rabi and collaborators 
is in accord with this evaluation in the case of 
the hydrogen molecule, but we shall see that the 
evaluation of that average distance may be quite 
critical. 

Actually, the molecule rotates about a point 
which does not coincide with the F nucleus, but 
it can be shown that this is immaterial. In fact, 
the difference between the perturbation operators 
corresponding to two different rotation axes 
parallel to one another, is seen to be the operator 
corresponding to a uniform translation of the 
molecule; the magnetic field produced by this 
translation at a given point is related by a 
Lorentz transformation to the average. electric 
field at the same point when the molecule is at 
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rest. Now precisely at the position of a nucleus 
the average electric field caused by the remaining 
particles is zero, and the magnetic field caused 
by a uniform translation is also zero, as one 
should indeed expect. 

One further remark is necessary before we 
proceed. If the field (5) is multiplied into the 
magnetic moment of the nucleus, we obtain the 
perturbation of the energy levels that is caused 
by the interaction between rotation and the 
magnetic moment. This formula could also be 
arrived at from an analogous formula derived 
by Hebb’ for the interaction between the rotation 
and the electronic spin when this is not zero. 
This incidentally shows that the y-term in 
Hebb’s paper is exactly equivalent to the mag- 
netic coupling between the spin of the molecule 
and the magnetic field set up by the molecular 
rotation considered by Kramers,® and this ex- 
plains why the two computations give formulae 
of the same structure. 


III. ORDERS OF MAGNITUDE . 


It is rather difficult to estimate the sums in 
Eqs. (4) and (5). The difficulty is best illustrated 
by the fact, to be discussed later, that also very 
high excited states may give a strong contribu- 
tion to the sums. On the other hand, it is also 
clear that owing to the denominator E, — Eo the 
lowest excited states will be quite important. 
One can, however, proceed a little farther on 
the assumption that the various electron shells 
in the two ions contribute independently to the 
sums. The most appropriate approximation may 
then be applied to each shell. For the outer 
shells we may replace in the sums the denomi- 
nator E,— Ep by a suitable average value, which 
will not be much larger than the excitation 
energy of the lowest II-states. The spectroscopic 
evidence indicates® that the energy curves of 
these states are practically horizontal so that the 
minimum value of E,— Ep is of the order of the 
dissociation energy D of the molecule, or about 
(1—n~)e?/r, where n is of the order of 8 or 9. 
Approximate values of D for the three molecules, 
LiF, NaF, CsF are D=7 ev, 6 ev, and 5 ev, 


Ea wae Hebb, Phys. Rev. 49, 610 (1936), see especially 
* Kramers, Zeits. f. Physik 53, 422 (1929). 
*See R. S. Mulliken, Phys. Rev. 50, 1017 (1936) and 
51, 310 (1936). 
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54 
respectively. From the structure of Ho, we may 
expect it to be of the order of the magnetic field 
at the nucleus caused by a 2 electron, when Lo, 
is of order unity, and proportionately smaller if 
Lon is small. The field caused by a 2 electron 
in fluorine is of the order of 6.10° gauss. Col- 
lecting all these factors together, and noticing 
that there are two terms in Eq. (5) that are 
equivalent, we get for the contribution of the 
outer shells the evaluation : 


H,~4(B/D)& | Lon |? 6.108 


(6) 


It will now be noticed at once that the values 
of (Z.”)oo that will make the field (6) equal to 
the experimentally observed field in Table I are 
fairly low (0.11, 0.03, and 0.2, respectively) and 
should not be very hard to explain on, almost 
any model. But it must. be pointed out that a 
really crucial assumption about the space distri- 
bution of the current jo, has been made in 
estimating /Zo, from Lon." Before we examine 
these points in more detail, let us settle a minor 
question. 


IV. EFFECT OF THE INNER SHELLS 


- Some simple remarks will clarify the discussion 
of the inner shells. In the isolated ion these 
shells have spherical symmetry; because of the 
strong binding, the inner shells probably preserve 
a high degree of symmetry even ir the molecule. 
Let us first consider a spherically symmetrical 
shell of the F ion; the operator L, of Eq. (3) 
applied to the wave function of this shell yields 
zero, hence there is no perturbation, the slip is 
100 percent. This result is trivial, as it is clear 
that a rotation of the shell will take place only 
as a consequence of the asymmetrical perturba- 
tion of the shell caused by the neighboring ion. 
Let us now consider a shell in the alkali ion; 
taking into account the fact that the rotation is 
assumed to take place with the F ion as a center 


10 This being an average over the P; and the P3,2 states 
estimated from the fine structure of the ground state of 
the F atom. 

1! Namely, in the current distribution for a p electron, 
the angular velocity varies as the inverse square of the 
distance from the rotation axis. This type of current 
distribution yields a much stronger field at the center 
than a rigid rotation, the resultant magnetic moment 
being the same. 
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(and that consequently L,-is referred to this 
point) it is again easy to see that the shell does 
not rotate about its own center, but is, of course, 
affected by a translational motion with a speed 
equal to that of the alkali nucleus. This type of 
velocity distribution in the shell will set up a 
magnetic field which outside the shell will be 
equivalent to the field one would obtain if the 
charge of the shell were concentrated at its 
center. We thus see that the main effect of the 
inner shells of the alkali ion will be to screen a 
large fraction of the magnetic field produced by 
the motion of the alkali nucleus. The value of 
this field is 


=2ZeB/her (7) 


for unit J (Z is nuclear charge of alkali). To 
be consistent we have, of course, assumed that 
the rotation takes place about the F nucleus. 
The field (7) should of course be added to (5) 
to get the complete field. It is, however, rather 
small compared to the observed H, in LiF; in 
CsF, with Z=55, H,, = 1.9 gauss, which is nearly 
equal to the field observed. As soon as a large 
fraction of it is screened by the inner shells 
it will be negligible. This shows that we may 
simply omit the field (7) if at the same time we 
omit in the sum (5) the terms corresponding to 
the excitation of the inner shells of the alkali. 
At the same time this remark substantiates a 
previous statement, namely, that in the sum (5) 
the contribution from very high electronic levels 
is far from small. 


V. ROTATIONAL PROPERTIES OF A FEW 
SIMPLE MODELS 


In Section III we found that the experimental 
data could be explained by making some not too 
unreasonable assumptions about the order of 
magnitude of certain matrix elements. Our 
knowledge of the wave functions and states of 
the molecule is not, of course, sufficient to 
permit a real test of these assumptions. But a 
closer examination of a few strongly schematized 
models may perhaps contribute to a_ better 
understanding of the phenomenon. Although all 
the calculations may be based on the general 
formulae (3), (4), (5), the following remark may 
be useful. Since the unperturbed non-relativistic 
Hamiltonian Hp is real and L, is imaginary, 
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the unperturbed’ wave function u for the 2 
ground state may be assumed to be real, and 
the perturbed wave function, neglecting second- 
order terms in w=2B/h, will be of the form: 
ut+iwv, where v is also a real function. From 
this it follows that the electronic density distri- 
bution relative to the nuclei is unaffected by the 
rotation, *again neglecting second-order terms. 
Therefore, the time derivative of the electronic 
density, 0p/dt, at a space-fixed point will be the 
same as for a rigidly rotating electron cloud: 
dp/dt = —wdp/dd, 3 being the azimuth about the 
rotation axis. The electronic current induced by 
the rotation must hence satisfy the continuity 


equation | 
divj = wdp/dd =div(pw Xr), (8) 


from which it does not follow, however, that 7 
coincides with the current pw Xr corresponding 
to a rigid rotation. This may be seen most 
simply for a one-electron system. One has then, 
with u+4wv, 
j=(the/2m) {y* grady —y grady*} 

=(2B/m)p grad(v/u), (9) 


since p= —eu*. For the ground state of a one- 
particle system wu has no nodes, so that v/u is 
regular everywhere. Equation (9) then shows 
that the current is obtained by impressing on 
the density p a velocity (2B/m) grad(v/u), i.e., 
an trrotational velocity field. This condition to- 
gether with (8) determines j completely and may 
be used instead of Eq. (3). The velocity field for 
rigid rotation w Xr is not, of course, irrotational : 
curl(@ Xr) = 2. The actual field may be regarded 
as the superposition of a rigid rotation plus a 
velocity field w such that: div.ew=0, and curlw 
= —2w. As the circulation of this field is contrary 
to the rotation, it is clear that it will lead in general 
to a lowering of the magnetic moment. 

An especially simple example is afforded by a 
one-dimensional model. An electron is con- 
strained to move on a circle under the action of 
a potential vd), being the azimuth of the 
particle and # the azimuth of a massive particle 
symbolizing the nuclei in the actual case of a 
molecule. If the heavy particle rotates with an 
angular velocity w, the average rotation of the 
light particle may be computed as follows. 
Equations (8) now takes the form: 07/d8 
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=wdp/dd, or j=wp—jo. The additive constant 
jo may be determined from condition (9) or 
j=(2B/m)p(0/d8)(v/u), remembering that v/u 
must be a periodic function of 8. This gives 
joS or 


j=wp—jo=wp—w/p™. (10) 


This shows that on the current there is super- 
imposed a constant slip term representing a 
current contrary to the rotation. If the potential 
V(d—vp) is weak, so that p is nearly constant on 
the circle, jo ~wp; the rigid rotation, therefore, 
is completely cancelled by the additive term; 
the slip is almost. 100 percent. On. the other 
hand, if the potential is very strong so that p is 
very unevenly distributed, j5 is much smaller 
than the average of wp, and the slip is almost 
negligible. This example simply illustrates the 
need for an asymmetry in the electron cloud in 
order to have an induced rotational moment. 

In the actual physical case, a certain amount 
of asymmetry may be produced in the shells of 
the F- ion by the field of the neighboring alkali 
ion. It is essential to ascertain not only the 
average amount of rotation, or the average 
magnetic moment induced in each shell, but 
also the actual distribution of the rotational 
currents; because of the r~* factor, the field H, 
depends quite strongly on the distribution (com- 
pare reference 11). 

In an admittedly rough way, the electric field 
of the neighboring ion may be replaced by the 
Coulomb field of a point charge +e at the center 
of the alkali. Considering that the distance r 
between the nuclei is fairly large, we may develop 
the potential 


(11) 


and consider the polarization of the F~ ion by 
the various terms. For a simple evaluation we 
have used a crude model in which the electrons 
are treated as isotropically bound oscillators, 
with a suitable frequency for each shell. For the 
2p shell of the F~ ion, a value of the frequency 
@=4.10'* or ha=26 ev may be estimated from 
the polarizability a=Ze?/ma*, Z being now the 
number of electrons in the shell. The polariza- 
bility is about 10-** cm*. A lower limit for ha is 
certainly 5 ev. : 

Now consider first the second term in (11), 
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representing a constant field 6=e/r?. The effect 
of this is merely to shift the center of a shell 
with respect to the F nucleus by a small amount 
a&/Ze. The shell remains spherically symmetri- 
cal around the new center. When the system 
rotates about the F nucleus, the ensuing motion 
of the shell will be of the same type as that 
described in Section IV for the inner shells of 
the alkali. It is quite easy to compute the mag- 
netic moment and field. The magnetic moment 
is, rather obviously, the same as one would find 
in a purely classical treatment of the elastically 
bound electrons: 


M = —w(a&)?/2Zec = —w(Ze/2c)(e&/ma*)*. (12) 


This gives for the outer shell (2s+2) in the 
case of LiF, a value between 0.001 and 0.6 
nuclear magneton as @ is varied between the 
limits indicated above.'"* The magnetic field 
generated at the F nucleus depends on the charge 
distribution in the shell. For a shell consisting 
of s electrons, the field is obtained on multiplying 
the moment (12) by (8/3\/x)(ma/h)*?. The net 
result is a field proportional to a~5, so that the 
contribution of the inner shells is negligible com- 
pared to that of the outer shells, as we stated 
before. On the other hand, it is found that for a 
2p shell the field at the center is much weaker 
than for 2s electrons, because of the lower 
density at the center. Assuming for an optimistic 
evaluation the formula for s electrons and 
applying it also to the 2p electrons, the ensuing 
field is still uncomfortably small. It may be 
pushed up to 2.5 gauss in LiF, or one-half the 
experimental value, by assuming for @ the lower 
limit indicated above, but this is already an 
extreme assumption; since we are dealing with 
the perturbation caused by a homogeneous field, 
the higher value of @ indicated by the polariza- 
bility should be much nearer to the.truth. 
Considering now the third term in Eq. (11), 
we may have the advantage that for this type 


121t may be pointed out that this result is not really 
dependent on the special assumption of elastically bound 
trons. One may arrive at a formula perfectly similar 

to Eq. (12), with the sole difference that ha is replaced by 
an average excitation energy of the electrons, if one 
replaces in Eq. (4) the energy difference in the denominator 
by an average value, thus expressing the magnetic moment 
in a form similar to Eq. (6). The average value of L,* for 
the shell, when it is polarized by the homogeneous field, 
may be evaluated by perturbation theory, again intro- 
ducing a suitable average value for the excitation energy. 
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of perturbation the average excitation energy 
may be closer to the lower limit of 5 ev. On the 
other hand, the result will be smaller by a factor 
(ro/r)*, ro being an average radius of the F- ion. 
This is confirmed by the detailed computation 
in the case of the elastically bound electrons, 
The effect of the perturbation is to make the 
frequency @, in the direction of the lime joining 
the nuclei lower than the frequency a: in a 
perpendicular direction. We do not give the 
details of the calculation, which is quite ele- 
mentary, as all the matrix elements needed for 
Eqs. (3) and (4) are known. For s electrons the 
result is quite simple; the stream lines instead of 
being circles, are equilateral hyperbolae y?—2* 
=const. The magnetic moment is [(@:—d;)/ 
(@2+1) times the moment for rigid rotation. 
This factor turns out to be 0.3. The field at the 
center is only 0.12 of the field for rigid rotation, 
assuming an optimistic value @=10'*. All these 
data refer to LiF; in CsF the disagreement with 
experiment is stronger, because of the larger 
internuclear distance. We have also examined 
the case of p electrons; the current distribution 
is then so unfavorable that the field in the center 
becomes quite negligible. 

The conclusion to be drawn from all this is 
that the polarized-ion model does not give a very 
satisfactory representation of the facts, although 
by some stretching it can be made to yield 
fields that are not much smaller than those 
observed. 

It may be pointed out that the models we 
have considered so far do not clearly exhibit one 
feature that may be of importance. Let us first 
consider the extreme case of a molecule with a 
very low excited II-state, connected to the > 
ground state by a strong Zn» 9 matrix element. 
This will obviously make the induced momen- 
tum, Eq. (4), very strong. Physically, this 
means that the molecule has a nearly free 
angular momentum that tends to set itself 
parallel to the rotation axis. Now, although the 
alkali halides certainly do not approach this 
extreme case, it is clear that the kind of gyro- 
scope-like distortion of the electronic motion 
we have just described will be present to a 
certain extent. In particular it may be noticed™ 


13H. M. Foley, in the press. I wish to thank Dr. Foley 
for allowing me to see his manuscript before publication. 
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that the partially non-ionic character of the 
ground state will endow the molecule with a 
small component of orbital angular momentum 
precessing about the internuclear axis (this 
momentum being due to the hole in the 2 shell 
of the F atom, when it is in the neutral state). 
What is more important, it is not difficult to see 
that the currents induced by the rotation under 
these circumstances have just the type of space 
distribution that is most favorable to a strong 
field in the center," so that the assumption made 
at the end of Section III about the connection 
between Lno and Hy» is in this case well justified. 


It seems, therefore, that this model may give a 
satisfactory account of the data. 

I wish to thank Dr. Rabi for attracting my 
attention to the large width of the resonance 
lines in LiF, CsF. Dr. Van Vleck kindly made 
available to me an early evaluation he had made 
independently by means of Hebb’s formulae 
(unpublished). I am deeply indebted especially 
to Dr. Teller for his friendly interest and much 
helpful advice. 

This work was partly supported under Con- 
tract N6-ori-83 with the Office of Naval Re- 
search. 
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The Dirac character operators are evaluated for the classes of the symmetric group con- 
sisting of the triad, double interchange, tetrad, and pentad, and the corresponding group- 
theoretical primitive characters are listed for comparison. It is also shown that the evaluation 
of these and similar character operators is all that is required for the solution of the standard 
molecular problems in the spirit of Dirac’s original program which avoids appeal to formal 


group theory. 


I. INTRODUCTION 


OME years ago Dirac! established the re- 
markable exchange-spin identity 


—}(1+0;-0)), (1) 


which expresses the simple interchanges of elec- 
tron orbits in terms of the associated vector-spin 
operators. In the discussion of the classification 
of multiplets he introduced the character (class) 
operators 


1 
P., (2) 


defined as the average of all similar permuta- 
tions, and showed that the almost exclusive states 
are characterized by the different sets of eigen- 
values of these operators. These operators com- 
mute with all permutations so that in an irre- 


1Cf, P. A. M. Dirac, Quantum Mechanics (Clarendon 
Press, Oxford, 1935). 


ducible representation of the symmetric group 
their matrices are scalar (Schur’s lemma),? and it 
follows that the eigenvalues of the x's are simply 
the corresponding primitive group characters 
divided by the dimension of the representation 3 


v12., 


where {2%---n™} is the usual group exponent 
notation (omitting unary cycles) for the parti- 
tion‘ of m defining the class of permutations, and 
the square brackets indicate the associated primi- 
tive characters; [J] being that of the unit class. 
From the result (1) and the expression 


(4) 


Cf. F. D. Murnaghan, Theory of Group Representations 
(The Johns Hopkins University Press, Baltimore, 1938). 

* This may be easily seen by o ay by a degenerate 
set of eigenstates (symbolic | SS wit h the x's and taking 
the spur, the degree of degeneracy being, of course, the 
dimension of the representation. 

* +2a2+ =n. 
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defining the spin magnitude variable S, Dirac 
obtains the character variable of the class of 
barrel in the form 


Pi; 


n(n—1) i<i 


2 
(hi 
2n(n— 


so that the exclusive sets of states are defined by 
the eigenvalues of S.° 

For many purposes this result is essentially all 
that is required as regards group theory, e.g., the 
calculation of atomic term energies (without 
resolution of coincident terms).® 


II. 


It is not our purpose to consider here the de- 
tails of these calculations for the atomic case and 
the modifications required in the case of coinci- 
dent orbits. These may be found in the references 
of the preceding footnote. We wish to consider 
here the evaluation of some of the character 
variables of higher order, which is per se not 
entirely trivial; and moreover these more general 
variables are essentially all that is required in 
order to solve the 4-8 electron problems,’ for 
example, in accord with Dirac’s original program 
of avoiding appeal to formal group theory. 

The characters considered here as examples are 
xl3J, x£27], x[4], x[5], and we may merely list 
some easily verified aids to computation, viz., 

3n(n—1) 
v= 3(n — 


+X LY 


i<j 
Fi,7 


(Sa) 


(,-05) (0; + (0;-0;) 
(Sc) 
uivalently, the eigenvalues of S define the per- 


missile eigenvalues of the x, and hence the particular 
representations allowed by the exclusion 


Prec B. A. M. Dirac, see reference 1; J. H. Van Vleck, 
ie 45, 405 (1934); R. Serber, Phys. Rev. 45, 461 


7 Including non-orthogonality correction, if desired. 
8 Dirac, see reference 1. 


CORSON 


(Sd) 


and as a special case of these when j=, 


(o;-0;)? =3—2(¢;-0;). 
The class {3}. Here one readily obtains 


x[3]= 


(Se) 


4n(n—1)(n—2) 
n—2 n 


i=1 k>i 
3 
4n(n—1)(n—2) 


n(n —1)(n—2) 
x 


(B) 


+2(n—2)y}, 


and we leave the result in unsimplified form here, 
as in later cases, to show more clearly the origin 
of the various terms in the final expression. 

The class {2°}. 


n—3 


8 
22 
x[2*] 4n(n —1)(n—2)(n—3) 


8 


n(n—1)(n—2)(n—3) w? 
8 2 
(n—3)(n—4)  3n(n—1) 
 @ 


The class {4}. 


—4 n—3 
x[4]= 


X | } 
—4 
~ 8n(n—1)(n—2)(n—3) 
n(n —1)(n—2)(n—3) 


DIRAC CHARACTER OPERATORS 


The class {5}. n 
k=--—S, 


(Sd) 5 
x5] 16n(n —1)(n—2)(n—3)(n—4) n n 
n—4 = 
X } 
5 (E) These are obtained from the general expression 
™ given by Wigner,’ namely, that within the re- 
16n(n—1)(n—2)(n—3)(n—4) striction imposed by the exclusion principle the 
(B) a a primitive character of the class of permutations 
x of p cycles, with cycle lengths Aj, As, A, is the 
5 ‘ coefficient of x* in 
+4(n—4)y?+4(n—3)(n—4)*p (—)"-°(1 (6) 
y!, —6n(n—1)(n—4)}. It does not appear to be possible to obtain a 
corresponding general result from the present 
These may be compared with the correspond- primitive method because of the requirement of 
wx ing group-theoretical results explicit resolution into products of interchanges, 
gin although the signature (—)*~? is a trivial conse- 
[2)}=— ("’) ("~’) quence of the relation (1) and a cycle of length 
is resolvable into a product of A—1 inter- 
changes. 

(A’) The application of the results (A—E) to the 
afore-mentioned molecular problems derives basi- 
cally from Dirac’s result that the average eigen- 

[3]= value of V (for the states of a given multiplicity) 
is given by 
n—3 n—3 (V’)=% (7) 
where V=)>>p VpP represents the perturbation 
p-(""*)-("~) 1) energy or the Hamiltonian, depending on the 
choice of the unperturbed functions (x|Pa) 
=II; (xj | Pa;) over which the matrix of V is de- 
-2/ )+( )-( ) (C’) fined. Correspondingly, as Dirac notes, the aver- 
k-3 k—4 bu § age eigenvalue of any function of V may be evalu- 
’ ated in similar fashion. Hence we need only 
-(" +( ‘) evaluate the iterated quantities V, V’, V’, 
etc., the number of iterations depending on the 
number of states of a given multiplicity involved, 
= ( "’) +( - (D’) and substitute the appropriate character eigen- 
)) values as obtained from (A-E) to calculate the 
levels for various multiplicities. Thus, with (A) 


[s]= alone London's equation for 4 electrons follows 
in trivial fashion from the evaluation of (V’), 
(Vv), and the generalization, including non- 


+ )-( ). (E’) —_*E. P. Wigner, Gruppentheorie (F. Vieweg und Sohn, 
- k—6 Braunschweig, 1931), pp. 149, 196. 
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orthogonality correction, may be readily ob- significant classification of energy levels and a the 
tained by using the results (A-D). The calcula- simplification of the problem. Group-theoretically ph 
tions for the 6- and 8-electron problems are, of this, of course, corresponds to recognizing that 8. | 
course, more tedious, but proceed along similar the rotation-reflection group of V (under which the 
lines” after calculation of the additional requisite V is invariant) in such cases is realizable in terms of | 
character operators for the higher order classes. of an appropriate subgroup of the symmetric ort 
In this more physical approach the presence group, i.e., with which it is abstractly identical, wo 
of additional elements of (space) symmetry ina Thus, one finds six additional commuting con- rac 
given problem is also recognized by noting that V_ stants of the motion in the 6-electron problem for 
commutes with a certain subgroup of the sym- with hexagonal symmetry, five for octahedral 
metric group involved, the character operators symmetry, fen in the 8-electron problem with 
of which therefore furnish additional commuting (extended) cubic symmetry, etc." Needless to | 
constants of the motion whose values may be say, the more formal treatment, as given by Co 
simultaneously assigned, leading to a further Serber, is in many respects simpler since it is wa 
~ 1° This method may be compared with the equivalent SUided by the more definite prescription of group gel 
parison also serves to show the relation between the sym. gain that following Dirac’s program the formal 
lic and formal group methods. It may be mentioned that group methods can, in effect, be avoided. 
the iterations in the latter method give sums of eigenvalues §©——___—_ 
rather than averages, for obvious reasons. Cf. Eq. (3). 1 R, Serber, see reference 10. = 
is 
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On the Rydberg-Ritz Formula in Quantum Mechanics a 
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for 
A derivation is given of the Rydberg-Ritz formula for series spectra. Simple expressions are pre 
obtained for the Rydberg and Ritz coefficients. It is shown that the Ritz coefficient is propor- spt 
tional to the difference between the radial period of the electron and the period of the hypo- ‘ 
thetical orbit, with the safne energy which would exist if the atomic core were to contract to 
zero radius. of | 
The derivation necessitates a study of the confluent hypergeometric function. An expansion me 
in powers of the energy is obtained for this function. The coefficients in the expansion are found 7 
to be simple combinations of Bessel functions. of 
Calculations of the Rydberg and Ritz coefficients are carried out for the S series of Na, K, 
and Cs and show satisfactory agreement with observation. The comparison with experiment " 
yields information concerning the relative accuracy of different types of central fields employed giv 
to approximate the effect of the atomic core upon the valence electron. It is concluded that the us¢ 
Hartree-Fock field is not a convenient starting point for this purpose. me 
tio 
1. INTRODUCTION n is the principal quantum number, and & and we 
T is known that in many cases the terms of B are the Rydberg and Ritz coefficients, re- Fo 
series spectra obey the empirical Rydberg- spectively. For a given atom these coefficients pu 
Ritz formula, depend only upon /, the azimuthal quantum 
number. mi 
1 1 Bohr, considering the electron as moving in — 
E=-- (1.1) a 
2 (n+a+BE)? the static central field arising from the nucleus Jul 
and the core electrons, gave an ingenious deriva- . 
where E is the energy expressed in atomic units, tion of (1.1) on the basis of the old quantum 2s, 
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theory.! Bohr’s theory contained an interesting 
physical interpretation for the Ritz coefficient, 
8. He found that 8 should be proportional to 
the difference between the actual radial period 
of the electron and the period of the hypothetical 
orbit, with the same energy, which the electron 
would traverse if the core were to shrink to zero 
radius. Calling these periods ¢ and ¢*, Bohr’s 
formula runs 


B=R(t-t*). 


In a series of papers on atoms with non- 
Coulomb central fields,? Hartree showed that 
wave mechanics leads naturally to the following 
general expression for the effective quantum 
number, 7, 


(1.2) 


which is identical with (1.1) if the development 
is broken off after the second term. Some for- 
mulae pertaining to the calculation of the Ritz 
coefficient were subsequently derived by Har- 
greaves® but no applications were given. 

In the present paper we will investigate in 
detail the nature of the Rydberg and Ritz 
coefficients. Particular attention will be paid to 
the latter, since it offers the problem of deter- 
mining the wave mechanical justification for the 
formula of Bohr. It will be shown that our ex- 
pression can be brought into a form which corre- 
sponds to the Bohr interpretation. 

The formula will be applied to the calculation 
of 8 for the S series of Na, K, and Cs. The agree- 
ment with experiment is satisfactory. 

The numerical results depend upon the type 
of central field used in the calculation. Com- 
parison of these results with experiment thus 
gives information concerning the validity, for 
use in a central field approximation, of various 
methods for finding the effective core distribu- 
tion. The matter is discussed in Section 4, but 
we note here the conclusion that the Hartree- 
Fock field does not seem to be suitable for this 
purpose. 

The general energy level formula is deter- 
mined by the condition that the wave function 


1M. Born, Vorlesungen Uber Atoumechontt (Verlag 
Julius oa, Berlin, 1925), pp. 185-18 
Hartree, 
25, (1929). 


Proc. Camb. Phil. an 24, 426 (1928); 
Hargreaves, Proc. Camb. Phil. Soc. 25, 315 (1929). 


inside the atomic core must join smoothly, at 
some intermediate point, with the wave function 
valid at large distances from the nucleus. The 
latter function satisfies the hydrogen wave equa- 
tion, since a Coulomb field prevails outside the 
core. 

For this hydrogenic solution, known to be the 
confluent hypergeometric function, an expansion 
in powers of the energy will be required. The 
problem of obtaining this expansion in a simple 
way has been partially treated by Wannier.*‘ 
The complete expansion is obtained in Section 2 
of this paper, and is of some interest apart from 
its application to our problem. As will be seen, 
the coefficients in the expansion are simple com- 
binations of Bessel functions. 


Notation 


In what follows we will use Hartree atomic 
units. If R is the radial part of the wave function 
for the valence electron, we define P by 


P=rR. 
P satisfies the equation 


v- )p-o. 


(1.3) 


Here E is the energy of the electron, V(r) is the 
central field in which it is assumed to move, and 
l is the azimuthal quantum number. The effect- 
ive quantum number, nm, and the energy pa- 
rameter, are defined by: «=1/n? = —2E. 

All quantities which refer to the region of the 
atomic core will be distinguished by a super- 
script ‘7’ standing for interior, while quantities 
pearl to the region exterior to the core will 
have attached a superscript “‘e.’’ E.g., the radial 
solution valid inside the core will be denoted by 
‘P and the exterior solution in the Coulomb 
region by ‘P. 


2. THE EXTERIOR SOLUTION 
(COULOMB REGION) 


An Integral Representation 


The solution of the hydrogenic wave equation 
which vanishes at infinity is a confluent hyper- 
geometric function, W,,:4,(27/m), in the nota- 


*G. H. Wannier, Phys. Rev. 64, 358 (1943). 
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Fic. 1. The contour C which defines «P, the contluent 
ypergeometric function vanishing at infinity. 


tion of Whittaker and Watson.’ We rewrite 
(1.3) for a Coulomb field, 

2 
+ 


r 


It is possible to write the required solution to 
(2.1) in the form of the following integral, 


=x! 


where the independent variable is now x = (87). 
Constant multiplicative factors have been dis- 
regarded. 

The left side of (2.2) satisfies (2.1) if the con- 
tour C fulfills the following condition : 


4ns)” 
1+— 


e~iz* x 


x 4ns 
x 


ec 


The integrand in (2.2) has branch points at 
s=+2x/4n, consequently a cut is drawn between 
these two points. 

In Fig. 1 is shown a contour which satisfies 
(2.3). The arguments of both [1+(4ms/x)] and 
[1—(4ns/x)] are zero along the stretch AB. 
Therefore the part of the integral from the 
negative half of the s plane, which becomes in- 
finite as x approaches infinity, is purely real and 
does not contribute to ‘P. The remainder goes to 
zero as x—>«, hence ‘P vanishes at infinity. 
Thus (2.2) gives the desired solution. 


5’ Whittaker and Watson, Modern Analysis (The Cam- 
bridge University Press, 1927), §16.12 (example). 
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In the region B— ~~ the argument of [1 +(4ns/ 
x) ] remains zero, but that of [1—(4ns/x)] has 
increased to ri. We may therefore write (2.2) in 
the form 


(2.4) 


provided the arguments of both [1+(4ns/x)] 
and [1—(4ns/x)] are taken as zero along B ~~. 
This form is convenient for comparison with the 
Bessel functions, since for n—>~ the integral in 
(2.4) will converge to the well known Schlafli 
representation for the Hankel function of the 
first kind. 

We denote the integral in (2.4) by /7,", and its 
real and imaginary parts by J," and N,", so that 


=J,"+1N,". 
Using these definitions,® 
*P=xRe\e""'H,"} 


=xJ," cosrn+xN," sinan. (2.5) 


The integral in (2.4) has been labeled 7," with 
the intention of indicating that it has the nature 
of an extended Hankel function. Similarly, J,” 
and N,” are related to the Bessel and Neumann 
functions. It will be shown below that 7," may 
be expanded in powers of the energy, i.e., of 1{?, 
the coefficients in the expansion being linear 
combinations of Hankel functions. 

We note that the approximately sinusoidal 
dependence upon , expressed in (2.5), agrees 
with the results of Hartree and of Wannier. 


*It is of interest to note that as m approaches infinit 
the solution to the limiting form of the equation for ¢ 
differs from the limiting form of the solution, since the 
latter never loses its sinusoidal dependence upon n. This 
anomaly arises from the fact that *P is subject to a bound- 
ary condition at infinity. The effect of the infinite interval 
of integration is clarified by making the transformation, 
r=1/u upon the independent voli in (2.1). The trans- 
formed equation is 

2dP 
du? +; du +( wut 0. 

We see from this equation that in the neighborhood of 
u=0, i.e., for large 7, the term involving » becomes im- 
portant no matter how large m may be. We are indebted 
to Professor F. J. Seseny tor this point. 
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Expansion in Powers of the Energy 


We wish to show the relation of 77," to the 
ordinary Hankel function of the first kind, de- 
fined by 


1 


where the contour is as in Fig. 2. To do this we 
write the integrand in (2.4) in the form’ 


(2.7) 
4ns 


where 
1+v\" 
a(e) ) 
1—v 
2 x 71 
(2.8) 
16s? 3 64s* Jn? 


The expansion of a(v) in powers of v or of 1/s 
is possible if s is always large enough so that 
|v| = |x/4ns| <1. In Fig. 3 we have redrawn the 
contour of Fig. 1 so as to satisfy this condition. 

If the result of the expansion of a(v) is sub- 
stituted in (2.7), the latter becomes a series each 
of whose terms has the form of the integrand in 
(2.6). More important, it is readily seen from 
(2.8) that a(v) contains m only in powers of 
1/n?. Hence the expansion of a(v) is a power 
series in €. 

Substituting the expansion of (2.7) into (2.4), 
we obtain the desired formal expansion of 17," 
in powers of ¢«. The functions which constitute 
the expansion coefficients are integrals whose 
integrands are identical with those defining the 
Hankel functions, but whose contours differ from 
the Hankel contours in that one terminus is at 
s= —x/4n, rather than at s=0. (Compare Figs. 2 
and 3.) However, this difference is not an essen- 
tial one, because the contour in Fig. 3 may be 
broken into two parts, 


of which the first is the Hankel contour, and 
the second, from s=0 to s= —x/4n, may easily 


7 The manipulation of the integrand herein performed is 
identical with that carried out by Wannier for J,". 
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be shown to behave as e~** and consequently 
may be neglected beside any power of 1/n’. 

Using (2.6), (2.7), and (2.8) together with the 
definition of 27," in (2.4), and neglecting the 
terms behaving as e~*", we have 


Ay = Fot+ Fiet+ 


Fo=xH 
(2.9) 


x* 
F, -| 1)\—H —H etc. 
16 96 


For reference below we combine (2.5) and 
(2.9) into the final result for the series expansion 
of *P, 


x3 
‘P= Re| +( (l+ 


3. THE INTERIOR WAVE FUNCTION 


In the preceding section we have determined 
the dependence upon n of the exterior solution 
to the radial wave equation in a Coulomb field. 
We will now consider certain features of the solu- 
tion which obtains in the neighborhood of the 
nucleus. We assume for this solution an expan- 
sion in powers of e=1/n’. Let 


(3.1) 


'T is defined by the two relations in (3.1). 

In order that the interior and exterior solu- 
tions should join smoothly, their logarithmic 
derivatives must be equal at any intermediate 
point. Consequently, it is the energy dependence 
of g¢=P’/P in which we are interested, rather 
than in that of P itself. We have, using (3.1), 


‘p= ‘got ‘pie; ‘go='Po'/'Po, ‘gi='T’. (3.2) 


S PLANE 


Fic. 2. The contour which defines the Hankel 
function of the first kind. 
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We now determine ‘7’ from the differential 
equation satisfied by P. Let ‘Po be a solution 
of the equation 


U(1+1) 
‘P,=0, (3.3) 


and let ‘P be a solution of 


l(l+1) 
r 
Substituting (3.1) into (3.4) and making use of 
(3.3), we obtain 


2'Po'T’ + ='P. 
Integrating, 


For the interior wave function, P,?7” is clearly 
zero at the origin. Hence 


1 r 
f ‘Pydr. (3.5) 
‘Per vo 
It is clear that a similar analysis can be ap- 
plied to the exterior wave function, so that 
writing 


one has, in analogy with (5), 


1 r 
f *P (3.6) 


(7) = 
(r) Pe J, 


Here the lower limit, ry, is the value of r for 
which *7” vanishes. It may be shown, by using 
the formulae of Section 2, that *7” changes sign 
in the neighborhood of the elassical perihelion of 


S PLANE 


> 
fol @) 


Fic. 3. The contour of Fig. 1 has here been redrawn so 
as to have |s| >x/4n. This is necessary for the expansion 
of the integrand in powers of x/4ns. 


the electron’s orbit. Hence, r, is approximately 
equal to the perihelion distance. 


4. THE ENERGY LEVEL FORMULA 


The matching condition determining the en- 
ergy levels is 
or 
F’+G' tanrn) =| F=xJ," 


’ 
F+G tanrn G=xN;" 


(4.1) 


where (2.5) has been substituted for ‘y. Solving 
for n, 


(n=positive integer) (4.2) 


F’—‘oF 

The Rydberg Coefficient 


The Rydberg and Ritz coefficients, a and 8, 
respectively, are defined by the expansion of the 
effective quantum number in powers of e, 


n=n+a+fe+::-. (4.3) 
From (4.2) and (4.3) we have for a, 


1 
tan~'y) 
e=0 


1 Fo’ —*goFo 
=—tan“yo, yo=———_.._ (4.4) 

Go’ —*goGo 


The quantity yo is to be evaluated at any point 
sufficiently far outside the core so that the field 
is Coulombian. 

The expression for a becomes particularly 
simple if the matching is effected at a zero of 
‘Po. Then 

Fo Jai41(x) 


Go 


The matching condition expressed by (4.1) 
must be imposed well outside the atomic core. 
It was found that at any such point x is large 
enough to justify the use of the asymptotic 
expressions for the Bessel functions, 


(4.5) 


de 
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Combining (4.4), (4.5), (4.6), and (4.7), we 
arrive at the simple result 


Xo) ni 


—}, (4.8) 


where Xo is any zero of ‘Py outside the core, and 
the subscript ‘‘nz’’ means “‘non-integral part 


The Ritz Coefficient 
From (4.3) we see that the Ritz coefficient is 


determined by 
dn 
* (4.9) 
Inserting (4.2) in (4.9), 


1 dy 
de] 
1 [ Fo'git Fi‘go— Fi’ 
Go'gitGi'go—Gi’ 


Fo) (4.10) 


As with a, this expression may be made to as- 
sume a simple and rather elegant form at a zero 
of ‘Po. At such a point, using (3.2) and (3.5), 
(4.10) becomes 


1 
1+ (Fo/Go)? 


It is clearly indicated by (4.11) that in place of 
F and G we should define two new variables, 
6 and p: 


6=tan“(G/F), p=(F?+G*)'. (4.12) 

When stated in terms of 6 and p, the wave func- 
tion is 

‘P= F cosrn+Gsmrn =p cos(rn—@). (4.13) 

From (4.11), (4.12), and (3.5), the Ritz coefficient 


is now given by 


xB = d6/de)..0+ 


f ‘Pdr, (4.14) 
0 


where 6 indicates @ evaluated at «=0. 
The Bohr Formula 
We show next that 


dé r 
= *P dr. (4.15) 


de 


This result will lead us to our desired interpreta- 
tion of 8 as a certain difference in orbital periods, 


since 
"2 
f P*dr 
ri 


is proportional to the time the electron spends in 
the region between r; and fz. 

To achieve this we recall first from Section 3 
that if ‘yg is written in the form 


"p= "got 


then ‘g,=‘7”’. For our purposes we need ‘¢g in 
terms of @ and p rather than F and G. Using 
(4.13), 


‘p= "P’/*P=n+0' tan(rn—8); (n=p'/p) 
+ d0’ /de) 


dé 
Xtan(xn — sec?(rn — 0p). 
de] emt 


We remember that the matching point has been 
assumed to be a zero of Po® and therefore of 
cos(#rn — 69). Hence the last term in the expres- 
sion above dominates the others and we have 


(4.16) 


The various derivatives of @ occurring in (4.14) 
and (4.16) may be expressed in terms of x by 
referring to (2.10) in order to determine the 
relation of @ to the Bessel functions, and then 


employing the asymptotic formulae (4.6) and 


8 The superscripts may be dropped outside the core since 
the two functions are identical in that region. 


65 a 
i 
| 
| 
= | 
4) 
Id 
of 
| 
e. 
ze 
‘ic | 


66 ROBERT JASTROW 


(4.7). We also use the following expression for 
P> which is obtained from (4.13) by means of 
(4.6) and (4.7): 


=x! cos(rn — 0). (4.17) 
It is found in this way that (4.16) reduces to 
4 dé 


Hence, since 
1 r 
db /de)y= = f 


Referring again to (4.14), we find by a similar 
procedure that the coefficient therein occurring 
is given by 

60’ 


Substituting these results in (4.14), the Ritz 
coefficient becomes 


f ‘Py ff Pear], (4.18) 


The first integral on the right in (4.18) repre- 
sents the time ¢ which the electron spends within 
the radius 7.° The second integral represents the 


TABLE I. Sodium. 
a 8 Ionization pot'l. 
Observed 0.652 —0.0 4.145 


Effective field 0.648 —0, 4.155 
Hartree-Fock field 0.780 -—0.05 3.387 


TABLE II. Potassium. 


8 Ionization pot'l. 


Observed 0.822 —0.16 3.50110‘ 
Hartree-Fock field 1.020 —0.11 2.766 
Hartree-Fock field 0.860 —0.13 3.309 

expanded 20% 


Taste III. Casium. 


a 8 Ionization pot'l. 
Observed 0.953 —0.29 3.114 104 cm=! 
Effective field 0.940 —0.27 3.162 
Bohr Theory —0.18 


*We have t/T= where is the radial 

of the is so normalized as to 

the relation (4.17), then it is found that T= (y°p*dr. 
directly ¢= 


time which the electron would spend in this 
region if it were traversing a hypothetical orbit 
with the same energy, but in a field which was 
Coulombian all the way down to the nucleus, i.e., 
assuming the radius of the core were to shrink 
to zero. Calling this hypothetical time ¢*, we 
have from (4.18), 


(4.19) 


The time in (4.18) is expressed in atomic units, 
(A.u./sec. =h*/8x*me*.) If ¢ and ¢* are expressed 
in seconds, we arrive at precisely the formula of 
Bohr, 

B=R(t—?*). 


5S. COMPARISON WITH EXPERIMENT 


The application of the formulae (4.8) and 
(4.14) for a and 8 requires a knowledge of ‘Py, 
the unbound or zero energy solution to the wave 
equation in the core region. This solution is 
obtained by numerical integration” of (3.4) out 
from the origin past the core, using a suitable 
potential V(r). 

In the course of carrying out these integra- 
tions, it was found that all factors which would 
be expected to affect ‘Po, such as small numerical 
errors, refinement of interval of integration, etc., 
left unchanged the positions of the zeros of ‘*P, 
although they did alter its amplitude. Now this 
means that the calculated value of a is largely 
independent of minor numerical mistakes or poor 
integration techniques, since (3.7) indicates that 
a depends only upon the position of these zeros. 
Unfortunately, 8 depends upon the amplitude of 
‘Po as well as upon the location of its zeros and 
consequently will be affected by integration 
errors. 

In order to determine ‘Py one must have a 
central field, V(r), to use in the integration of 
the wave equation. One possible field for this 
purpose is the Hartree-Fock field of the core 
combined with the Coulomb field of the nucleus. 
Another possibility is an effective field so con- 
structed to have the x-ray levels of an electron 
in this field match the observed levels, to a 
WKB approximation, for about twenty levels 
beginning with the K shell. For purposes of 


10 The integration method employed is described by L. 
Feinstein and M. Schwarzschild, Rev. Sci. Inst. 12, ”408 
(1941), although carried out by hand rather than with the 
punched card methods therein reported. 
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comparison, calculations were carried out for Na 
both with the Hartree-Fock field" and with an 
effective field determined in the second manner 
by Prokofjew.” Potassium was treated with a 
Hartree-Fock field,'* and also with the same 
field after it had been uniformly expanded by 
20 percent. Caesium was calculated with an 
effective field.'* The Ritz coefficient for Cs was 
also computed from Bohr’s formula directly as a 
difference in times, using half-integral angular 
momentum on the orbital model. The latter 
calculation is of interest because of the demon- 
stration by Kramers" that the Bohr theory with 
half-integral angular momentum should provide 
a good approximation to the central field 
problem. 

The results of these calculations are compared 
with the experimental values of a and 8 in 
Tables 1, I!, and III and are discussed below. 
The observed and calculated values for the first 
ionization potential are also included. 


Comparison of the Two Types of Central Fields 


The results for K and Na indicate that the 
uncorrected Hartree-Fock field does not provide 
a good approximation to a central field for the 
motion of the valence electron. From Table II it 
may be seen that a uniform expansion of the 
Hartree core distribution by 20 percent almost 
suffices to remove the discrepancy. A field ex- 
panded by 25 percent probably would produce 
quite good results. 

The unsuitability of the unadjusted Hartree- 
Fock field for calculating optical energy levels 
also indicates that it should not be used for de- 
termining the valence electron wave functions. 


"V; Fock and M. Petrashen, Phys. Zeit. d. USSR 6, 
368 

U. Condon and G. H. Shortley, The Theory of 

Atomic Spectra (The Cambridge University Press, 1935), 


p. 
% D. R. Hartree, Proc. Roy. Soc. 166, 450 (1938). 
“H.C. Urey and Y. Sugiura, Kgl. ‘Danske Vid. Sels. 
Math. -Fys. Medd 7, no. 13 £1926). 
H. A. Kramers, Zeits. f. Physik 39, 828 (1926). 


One may, of course, modify the field by adding 
to it fictitious polarization potentials, etc.,!* and 
then adjusting various parameters in these 
added terms so as to have the calculated energy 
levels agree with the observed values. Bier- 
mann'* has calculated the intensities of certain 
lines in the alkali spectra, using a Hartree field 
so modified by the introduction of fictitious po- 
tentials. He finds that the results show good 
agreement with the experimental values. How- 
ever, even assuming one has available the Har- 
tree-Fock field for a given atom, the additional 
labor required for the modification of this field 
to obtain good energy levels, and therefore good 
wave functions, is of the same order as the labor 
necessary for the entire construction of the 
effective field. For the heavier atoms the latter 
field is the only one possible since the Hartree- 
Fock calculations for these atoms are pro- 
hibitively long. 

Tables I and III show good agreement be- 
tween the experimental values of a and 8 and 
the values calculated from the effective fields 
on our theory. Because of the nature of the effec- 
tive field, agreement as regards a is probably to 
be expected. However, our interest in the calcula- 
tion was directed primarily toward the Ritz 
coefficient. 

It is also indicated by Table III that the cal- 
culation based upon the Bohr theory, while of 
the right order of magnitude, compares rather 
unfavorably with the more exact result. 
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16 L, Biermann, Zeits. f. Astrophys. 22, 157 (1943). 
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As shown by Rayleigh, a considerable number of acous- 
tic phenomena are known which involve the viscosity of 
the medium and require the solution of the hydrodynamic 
equations to a higher degree of approximation than is 
customary in elementary treatments of the theory of 
sound. Among these are the fluid streams that occur near 
intense sources of sound (e.g.: the “quartz wind”). 

The general equations of these second-order acoustic 
phenomena are developed in a systematic manner. When 
viscous forces are neglected, the effects are of three kinds: 
(1) those that can be ascribed to the inertia of acoustic 
energy, (2) those arising from radiation pressure, and (3) 
those caused by the variable compressibility of the medium. 
All of them result in the production of overtones of the 
fundamental vibration. In certain cases, this distortion can 
become very large, being unlimited except by the viscous 
forces. However, even when the average value of the 
gradient of the radiation pressure does not vanish, it does 
not, on the average, cause an acceleration of the fluid. 
Such gradients are balanced by the elastic rather than by 
the viscous forces. 

When the latter are introduced into the calculation, a 
fourth effect appears: the irrotational motion in the sound 
wave generates vorticity as a second-order effect. This 


vortex motion will ultimately approach a steady state, 
being generated and resisted by forces that are independent 
of the time. Both generating and resisting forces are vis- 
cous, and consequently the steady motion is independent 
of the magnitude of the coefficient of viscosity. However, 
the resisting forces depend only on the shear viscosity of 
the medium, while the generating forces depend also on 
the bulk viscosity. It is suggested that the ratio of the 
bulk and shear coefficients of viscosity can be determined 
by studying these phenomena. 

Calculations of the velocity of the stream generated by 
a beam of sound show that it is proportional (1) to 
b=(4/3)+(»'/v), where »’ and » are the bulk and shear 
viscosities, (2) to the power being radiated in the beam, 
(3) inversely to the square of the wave-length, and (4) 
inversely to p*c*, where p is the density and c the sound 
velocity of the medium. The maximum value of the steady- 
streaming velocity ‘depends on the resistance offered by 
the walls of the vessel or room in which the experiment 
is performed. The time required to set up the steady state 
is, of course, inversely proportional to this resistance, and 
the flow is apt to become turbulent when the resistance 
is low. 


INTRODUCTION 


HE subject matter of this paper cannot be 

outlined more clearly than by quoting 
from the first paragraphs of Lord Rayleigh’s 
paper! “On the circulation of ‘air observed in 
Kundt’s tubes, and on some allied acoustical 
problems”: 


Experimenters in acoustics have discovered more than 
one set of phenomena, apparently depending for their 
explanation upon the existence of regular currents of air 
resulting from vibratory motion ... such currents, 
involving as they do circulation of the fluid, could not arise 
in the absence of friction. . . . And even when we are 
prepared to include the influence of friction, we have no 
chance of reaching an explanation if, as usual, we limit 
ourselves to the supposition of infinitely small motion and 
neglect the squares and higher powers [of the velocity]. 
. . » The more important of the problems relates to the 
currents generated over a vibrating plate, arranged as in 


* This work represents one of the results of research 
carried out under contract with the Bureau of Ships and 
Office of Naval Research, Navy Department. 

1Lord Rayleigh, Scientific Papers (Cambridge Univer- 
sity Press, Teddington, England), No. 108, p. 239; Phil. 
Trans. 175, 1 (1883), . 


Chladni’s experiments. It was discovered by Savart that 
very fine powder does not collect itself at the nodal lines, 
as does sand in the production of Chladni’s figures, but 
gathers itself into a cloud which, after hovering for a time, 
settles itself over the places of maximum vibration. This 
was traced by Faraday? to the action of currents of air, 
rising from the plate at the place of maximum vibration, 
and falling back to it at the nodes. In a vacuum the phe- 
nomena observed by Savart do not take place, all kinds 
of powder collecting at the nodes. . . . [Another] problem 
relates to the air currents observed by Dvorak in a 
Kundt’s tube, to which is apparently due the formation of 
the dust figures. 


With the advant of piezoelectric generators of 
sound, these effects were rediscovered. Strong 
currents of air (“quartz wind”’) or liquid appear 
in front of the vibrating surface of the crystal. 
In the case of liquids, these currents are fre- 
quently great enough to disturb its free surface. 
Unless great care is exercised, they may vitiate 
intensity measurements with a Rayleigh disk. It 
is possible that this effect was actually discovered 


by Rayleigh, who performed the following experi- 
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2 Michael Faraday, Phil. Trans. 299 (1831). 
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ment: “... when the corresponding fork, 
strongly excited, was held to the mouth [of the 
Helmholtz resonator] a wind of considerable 
force issued from the nipple at the opposite side. 
This effect may rise to such intensity as to blow 
out a candle upon whose wick the stream is 
directed. . . . Closer examination revealed the 
fact that at the sides of the nipple the outward 
flowing stream was replaced by one in the op- 
posite direction, so that a tongue of flame from 
a suitable placed candle appeared to enter the 
nipple at the same time that another candle 
situated immediately in front was blown away.’’ 

Although Rayleigh summarized his calcula- 
tions in Theory of Sound,‘ his results appear to 
be virtually unknown. At lest two different and 
incorrect explanations of the quartz wind can be 
found in recent literature, while the correct 
explanation appears to be virtually unknown to 
the experimenter. It is even possible that Ray- 
leigh himself gave an incorrect explanation of the 
resonator experiment just described. Without 
giving adequate reasons, he says: “The two 
effects [flow and counter-flow ] are of course in 
reality alternating, and only appear to be simul- 
taneous in consequence of the inability of the 
eye to follow such rapid changes.” It is at least 
possible that the streams are steady and that 
this is an effect similar to the others described 
above. 

In the following pages, a systematic account 
of the theory of second-order acoustic effects 
will be developed. In the first part, acoustic 
radiation pressure and the inertia of acoustic 
energy will be considered. It will be shown that, 
as Rayleigh knew, these cannot cause the phe- 
nomena described above. However, the structure 
of this mathematical theory will be useful in the 
second part, where the second-order viscous 
forces will be considered, and in the third, where 
a calculation will be given of the steady flow 
produced by a sound beam of circular cross 
section. The remarkable fact will appear that the 
steady flow ‘‘is independent of the value of the 
coefficient of viscosity. We cannot, therefore, 
avoid considering this motion by supposing the 
coefficient of viscosity to be very small, the 


Rayleigh, Theory of Company, Ltd., 
London, 1896), Vol. II, p. 2 
‘ Reference 3, Vol. Ii, p. 333. 
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maintenance of the vortices becoming easier in 
the same proportion as the forces tending to 
produce the vortical motion diminish.” § 


PART I. ACOUSTIC RADIATION PRESSURE AND 
THE INERTIA OF ACOUSTIC ENERGY 


The question is sometimes asked, why the 
velocity of sound does not function in acoustic 
theory in the same way that the velocity of light 
functions in relativity theory. From the stand- 
point of the latter, the question is foolish, for 
the velocity of light is both that, and also the 
maximum velocity with which any kind of signal 
or object can be transmitted. The velocity of 
sound is not maximal in the same sense. Still, the 
principle of the inertia of energy is not very 
directly connected with the principle of maximal 
velocity, but rather with the equations of motion 
of matter. Consequently, it would be expected 
that acoustic energy will display an inertia that 
is much greater than the inertia of electromag- 
netic radiation, in the inverse ratio of the squares 
of their velocities of propagation. It will be 
shown that this expectation is correct, provided 
the proposition be given a suitable interpreta- 
tion. 


The First- and Second-Order Equations of 
Acoustics 


The general equations of hydrodynamics for a 
non-viscous fluid are 


(8p/dt) +V- (pu) =0, (1) 
(2) 


where p is the density, p the pressure, and u the 
velocity of the fluid. For the present purposes, it 
will be supposed that p is a function: of p only; 
then 

Vp=CVp, (3) 


where C is a function of p which has the units 
of a velocity. This presupposes that the motion 
is isentropic. 

The essential idea of Rayleigh’s treatment of 
the problems discussed in the introduction, is 
that some of the terms in Eqs. (1) and (2) are 
sometimes much less important than others. In 
different circumstances, different terms will be 


5 Reference 1, px 246. 
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negligible and others will be important. Thus, in 
acoustics, the terms dp/dt and Vp are important; 
in hydraulics, the term V-(pu) becomes more 
important than dp/dt, but Vp retains its im- 
portance. In order to bring the relative im- 
portance of the terms clearly to the attention, it 
is useful to depart from the c.g.s. system of 
units and to introduce one that is specially 
adapted to the problems under consideration. 

In such a system, let the unit of length be X 
cm; of time, T sec.; of velocity, Ucm sec.~'. The 
unit of density is immaterial, since the equations 
are essentially homogeneous in p. In these units 
the equations become 


(dp/dt) + NV - (pu) =0, (4) 


[8(pu) /dt}+ N[pu-Vu+uV - (pu) 
=—(NC*/U*)Vp, (5) 


where the numeric 
N=UT/X. (6) 


To insure that the system of units will serve its 
purpose, the units X and T are to be chosen so 
that df/dt and df/dx are of the same order of 
magnitude, f being any of the functions p, u. 
The unit U could be chosen in any of a number 
of ways: so that N=1, or so that C/U~1, or so 
that u/U~1. The third is the choice appropriate 
for most problems. Having thus defined the 
units, acoustics may be defined as consisting of 
those hydrodynamic problems for which VN<1 
and NC/U~1. (Hydraulics is apparently those 
hydrodynamic problems for which N>1 and 
NU?/C?~1.) 
Introducing the quantity 


c(p) = NC(p)/U, 
Eq. (5) becomes 
N[@(pu)/dt]+ - (pu) +pu- Vu) 
=—CVp. (7) 


The numeric N is now to be treated as a per- 
turbation parameter,** and the expansions 


(4.0) 
utuot (7.0) 


** After the special units have served their purpose of 
providing a perturbation parameter, one may always 
return to the c.g.s. system, for which N=1, C=c. This will 
be done in the following pages. . 


are introduced. The zero-order equations are then 
Opo/dt =0, (4.0) 
(7.0) 


where co=c(po). Hence, po is a constant, which 
fact may be used to simplify the first- and 
second-order equations: 


(0p1/dt) + poV -Uo=0, (4.1) 
po(dUo/dt) = —co?V pi; (7.1) 
(4.2) 


po(dus/dt) + (8/dt) (pitto) + po(uo- Vuo+uoV uo) 
= (7.2) 


The Eqs. (4.1) and (7.1) are the equations of 
elementary acoustic theory, while Eqs. (4.2) 
and (7.2) are less familiar. 


Integrals of the First-Order Equations 


The equation expressing the conservation of 
acoustic energy is derived by multiplying Eq. 
(4.1) by co®pi/po, and Eq. (7.1) by wo, and 
adding. The result is 


(@W/dt)+V-J=0. (8) 
The quantity 
W =} + 360" po (9) 
is the acoustic energy density, while 
(10) 


is the acoustic energy flow. 

The conservation law of acoustic ‘‘momentum”’ 
is obtained by multiplying Eq. (4.1) by uo, and 
Eq. (7.1) by p1/po and adding: the result is 


1 aJ 
— —+ po(Uo» Vuo+ Uo) 
Co” at 


—V(W— potio”) + poloV X(V (11) 


It will be noted that the time derivative of J/c¢ 
appears in Eq. (11). Thus the acoustic mo- 
mentum is related to acoustic energy flow in the 
same manner as the corresponding electromag- 
netic quantities. Also that, instead of the total 
energy density, IV, Eq. (11) contains the Lagran- 
gian difference between the potential and kinetic 
energy densities. 

The last term in Eq. (11) usually vanishes, 
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since only solutions for which VXuo=0 are of 
interest. This will be assumed in the following. 


Simplification of the Second-Order Equations 


The second-order equations are seen to contain 
several combinations of terms that also appear 
in the conservation laws. The former can there- 
fore be simplified by introducing a quantity prz, 
defined by 

p2= pur t+ W/ce?. (12) 


The quantity p;; obeys equations that are much 
simpler than those for p2, and much more 
analogous to the first-order equations: 


(Aprr/At) + poV - uy, =0, (4-11) 


po(du;/dt) = 
(7-11) 


The term in dco/dpo would disappear if the 
medium obeyed Hooke’s law. Thus, only the 
term in po%o? needs discussion. This functions like 
an additional (known) pressure, and may there- 
for be called the acoustic radiation pressure: 


P= Powe’, (13) 


which is thus given by twice the kinetic energy 
density. In gases, the term 


H=co(dco/dpo) (14) 


will be of the same order of magnitude as P. In 
liquids, H will be much less than P. 

Because of the similarity between the equa- 
tions for pzz and p;, physicists will find it easier 
to think about p;; than about pe. In particular, 
propositions arrived at intuitively (that is, 
derived from experience with elementary acoustic 
problems) will usually apply to pzz and not to pe. 
Fortunately, the necessary correction is simple: 
it is only necessary to take the “inertia” of 
acoustic energy into account and add W/c,? to 
prr in order to obtain p>. 


The Solution of the Second-Order Equations 


Certain general conclusions can be reached 
about the second-order effects in simple har- 
monic sound fields. In these cases, neither P nor 
H will contain terms of the fundamental fre- 
quency, but both will contain constant terms 
and terms with the double frequency. The latter 
will result in the generation of the second har- 
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monic in the sound field—a phenomenon that 
has been observed at even moderate sound inten- 
sities. In certain cases, notably that of the plane 
wave, the amplitude of these harmonics will 
increase until they are limited by the viscous 
forces which have thus far been omitted. 

Because of interference and the divergence of 
sound rays, the time-constant terms in P and 
H will, in general, depend on position. Thus, 
there will be a constant pressure gradient, and 
one might expect that this constant gradient will 
produce a constant acceleration of the fluid, 
whose velocity would thus increase until the 
viscous forces balance the pressure gradient. The 
end result would be fluid streaming at a constant 
velocity, proportional to the acoustic energy- 
gradient and inversely proportional to the coef- 
ficient of viscosity. These might account for the 
phenomena described in the Introduction. Un- 
fortunately, however, this reasoning is faulty. 
The constant part of the gradient of P+H is 
balanced, not by the viscosity of the fluid, but 
by its elasticity. Thus neither P nor H cause 
streaming of the fluid. 

This is very simply proven: prr may be 
eliminated between Eqs. (4-II) and (7-II) by 
taking the gradient of the former and the time 
derivative of the latter; the result is 


— poce?VV - uo 
= —(0/dt)(V(P+H)]. (15) 


Since only the time derivatives of VP and VH 
appear, the first-order velocity u; is independent 
of the constant parts of these gradients. This 
result would not be essentially altered by intro- 
ducing the viscous terms. On the other hand, if 
u; is eliminated from the equations, the result is 


Thus the constant parts of gradients will produce 
a constant part of prr. 

Consequently, neither radiation pressure nor 
the failure of Hooke’s law can be invoked to 
explain the fluid streams mentioned above, and 
it becomes necessary to proceed to a study of the 
viscous forces. 


PART Il. THE EFFECTS OF VISCOSITY 


When the viscous forces are included, the 
equations become (in the X, 7, U system of 
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units): 
(dp/dt) + NV-(pu) =0, (17) 


N((pu) /dt]+ - (pu) +pu- Vu] 
= pVV-u 
—vpX(VXu)]. (18) 


The quantity vp is the ordinary coefficient of 
shear viscosity, so that vy is measured in cm?/sec. 
For an ideal gas, the bulk viscosity, v’, is zero; 
for liquids it is presumably different from zero, 
although no measurements or calculations of its 
magnitude have been made.* For convenience 
the abbreviation 

b=4/3+0'/v (19) 


will be used: it is a numerical characteristic of the 
fluid, and its value will presumably be somewhere 
between 2 and 10 for liquids, and near 4/3 for 
gases. 

For simplicity, it will be assumed that both } 
and the product vp= vopo are independent of the 
density of the liquid ; effects due to their variation 
may be of importance, but will not be treated 
here. The coefficient of the viscous forces may be 
written 

NT vo/X? = N?/R, 
where 
R=UX/w% 


is the Reynold’s number, calculated for the unit 
of velocity and the unit of length. The values of 
N and U have above been fixed with respect to 
the problem, but the value of X’ has not yet been 
specified. This freedom could be utilized to 
assign any desired order of magnitude to the 
viscous forces; however, there appear to be good 
physical reasons for supposing them to be of first 
order. This determines X by means of the equa- 
tion N=R. The unit of length thus calculated 
has a simple physical significance in the case of 
gases: it is the mean-free path of their molecules. 
Since the viscous terms are introduced into the 
equations in order to take approximate account 
of molecular processes, this is a very appropriate 
unit. 

It is then obvious that the zero-order equa- 
tions will be unaffected by the viscous terms, and 


mics (Cambridge University 


Press, Teddington, England), sixth edition, pp. 573, 645; 
Reference 3, Vol II, pp. 314, 320; G. Kirchhoff, Pogg. 
Ann. 134, 177 (1868). 


that the first-order equations are 
+ poV -uo=0, (17.1) 


po(OUo/ dt) = pit povobVV - Uo 
— povoV X (V (18.1) 


and the second-order equations are 
(Ap2/dt) + poV -us+V- (pitto) =0, (17.2) 


po(du;/dt) +(0/dt) (pito) 
+ pol Uo— Vuo+uoV Uo |= 
+ povobVV - povoV X (V X Up). (18.2) 


Effects due to the failure of Hooke’s law have 
been omitted, although they may be of im- 
portance in problems involving distortion. 

The conservation (or better, the dissipation) of 
acoustic energy is then derivable from the first- 
order equations as before, and results in the 
equation 


W/dt) 4+ V-J= povol buy Vuy 
—uo-VX(V }. (20) 


Similarly, the dissipation of acoustic mo- 
mentum is expressed by 


3co?(0J/dt) + pol Uo ° Vuot+uoV Uo | 
+V(W — pou”) + polo X (V X uo) 
= vob piVV *Uo— YopiV X (VX uo). (21) 


Setting VXuo=0, and introducing p;; as before, 
Eqs. (17.2) and (18.2) are seen to be equivalent to 


(Oprr/dt) + poV = (vob/co”)Uo- V(Ap1/dt), (17-11) 


po(dui/dt) = pr1 — V(pouc?) 
+ povobVV -u: — povoV X(V Xu) 
pivodVV- Uo. (18-11) 


Equations (17.2) and (17-11) show that neither 
p2 nor prr are conserved. In the previous part, it 
was noted that pz; obeyed laws that would be 
expected by physicists who rely on physical 
intuition, while pz did not. The reason that pr: 
is no longer conserved is clearly to be found in the 
dissipation of acoustic energy by the viscous 
forces. There appears to be no convenient way 
of introducing a relevant quantity that is con- 
served. 


The Second-Order Motion of the Fluid 


Elimination of between the Eqs. (17-11) 
and (18-I]) results in the equation 
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— poco’ VV -uy 
+ povobV(9/dt)(V 
povo(d/dt) (V Xu) 
= —V(d/dt) (poto”) —bvo(0/dt) [piVV Uo | 
— V(Ap;/dt) j. (22) 


This equation can be simplified by introducing 
the divergence and rotation of the velocity 


D=V-u, R=VXu. (23) 


Taking the divergence of Eq. (22), the rotation 
is eliminated: 


#D,/dt? — , 
= —V*(duo*/dt) — (bv0/ po) V 
— (24) 


Taking the rotation of Eq. (18-I1) similarly 
eliminates D,: 


(AR: /dt) — voV?Ri = (bv0/ po?) Voi X V(9pi/dt). (25) 


It is worth noting in more detail than above 
that when the first-order quantities are simple 
harmonic functions of the time, the right side 
of Eq. (25) is independent of the time. For, let 


pice? =P’ cosnt+P” sinnt, 


where P and P” are functions of the space coor- 
dinates only; then 


ce°Vpi= VP’ cosnt+VP" sinnt, 
=—VP’ sinnt+V. cosnt, 


whence 
XV(0pi/dt) = (n/co) VP’ X VP”. 


This is perhaps the first indication that the 
theory of the fluid streams generated by sound 
sources is governed by Eq. (25). It also indicates 
that the vorticity generated by a sound wave 
will approach a steady value after a sufficiently 
long time. The length of this time depends on the 
value of the viscosity coefficient vo, but the 
steady state itself does not: it is determined by 
the equation 


—V?Ri = (25a) 


The general procedure to obtain the velocity 
u; will involve two steps, the first being the 
solution of Eqs. (24) and (25). Then uw; itself can 
be obtained from D, and R;, because of the vector 
identity 

Vu, =VDi—-V XR. 
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This equation is most conveniently handled by 
introducing the scalar and vector potentials 
defined by 

—D,, (26) 


(27) 
in terms of which 
(28) 


Equation (28) indicates that the irrotational and 
incompressible parts of the motion can be 
treated independently. Only the steady state 
of the latter will be considered further, the dis- 
cussion being based on Eq. (25a). 


The Diffusion of Vorticity 


This equation has the general form of Fourier’s 
equation for the conduction of heat or the dif- 
fusion of matter. Hence vorticity is generated in 
those regions where its right side is different from 
zero, and diffuses into other regions. However, 
the analogy to heat conduction and diffusion is 
not complete. 

Being a partial differential equation, Eq. (25) 
has many solutions, and that solution appropriate 
to the given problem is determined by the 
boundary condition. In the case of heat flow, this 
is usually one of two: if the boundaries are 
thermally insulated, the normal component of 
the temperature gradient will be zero on them; 
if the boundaries are kept at a fixed temperature, 
this fact serves to determine the special solution. 

Neither of these boundary conditions applies 
to vorticity. This is perhaps to be expected, since 
vorticity is a vector rather than a scalar. In fact, 
the accepted boundary condition is not for- 
mulated in terms of R; but in terms of u;, and 
requires that all components of the latter vanish 
on the walls of the container. 

For simplicity, let it be supposed that there is 
no free surface, so that u; vanishes at all boun- 
daries of the fluid. Then an easy application of 
Stokes’ theorem shows that 


n-R,=0, (29) 


n being the unit normal at the boundary, while 
the divergence theorem results in 


ff (30) 
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These are the only conditions restricting the 
solutions of Eq. (25) that can be formulated in 
terms of R,; alone. They are very weak condi- 
tions, and do not suffice to determine the solution 
uniquely. This latter step must be postponed 
until u; has been found from Eqs. (27) and (28). 
Because of this difference in the boundary 
conditions, vorticity may be generated at the 
walls of the containing vessel in a manner that 
is quite different from the influx (or efflux) of 
heat in the thermal analogy. Consequently also, 
the steady states of vortex distribution will be 
quite different from those familiar in the theory 
of heat. If these general considerations are not 
kept in mind, the reader may be surprised at 
some of the results obtained when the above 
equations are applied to a special case. 


PART III. THE FLOW CAUSED BY A BEAM 
OF SOUND 


In order to simplify the calculations, consider 
a long tube of radius ro, whose walls are rigid, 
and whose ends are closed by some material that 
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wil 


WALL 


permits an axial sound beam to enter and leave 
the tube without reflection. These ends prevent 
fluid from entering or leaving the tube; the 
latter is long enough so that at its center all 
effects due to the ends may be neglected, except 
that the total flow through any cross section 
must be zero. 

If the axis of the tube is the z axis and r the 
perpendicular distance from the axis, the 
pressure variations in the sound beam will be 
assumed to be 


Pi= pice’ = P(r) sin(kz—nt). (31) 


This requires some justification, since it neglects 
both the divergence and the attenuation of the 
beam. The former is justified if the wave-length 
(=2x/k) is very small compared to the diameter 
of the beam. The latter would not be justified 
except that only the ultimate steady state is to 
be investigated here, and by Eq. (25a), this is 
independent of the viscosity except as the latter 
enters into p;. It is thus permissible to consider 
first the case of negligible attenuation, and to 
reserve until later the complications resulting 
from attenuation of the sound beam. 
Using Eq. (31), Eq. (25a) reduces to 


—V°R, = K(@PP/dr*)(—i sing+j cos¢), (32) 


where 

K = bk/2 perce’, (33) 
and ¢ is the azimuthal coordinate. This equation 
has the special solution 


R, =f(r)(—ising+j cos¢), (34) 


where 


f(r) =(K/r) f rP*dr+2pr+y/r, (35) 
0 


B and + being constants of integration. The value 
of y must be zero, since infinite values of the 
vorticity are impossible; the value of 8 remains 
indeterminate, since both Eq. (29) and Eq. (30) 
are satisfied for any value of 8. 

The calculation of the vector potential A; can 
be avoided by noting that if u:,=,=0, 
u1,=g(r), then 


R= — (dg/dr)(—i sin¢+j cos¢), 


so that 
dg/dr = —f(r). (36) 
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That solution of this equation is required which 


makes g(ro) =0, since u; must vanish on the wall 
of the tube; this is given by 


= f 


=K f I'(s, (37) 
0 


where 
I'(s, r)=s log(ro/r) when sr, (38) 
=slog(ro/s) when s2r. 


Until this place, it has not been possible to 
assign a value to the constant of integration, 8. 
The condition that there be no net flow through 
the tube can now be imposed: 


f rg(r)dr=0, 
0 
which is equivalent to 
B=(K/re!) [ (39) 
0 


This completes the formal solution of the 
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problem; it remains to consider the numerical 
relations. 

In order to carry the calculations further, 
suppose that the sound beam has the radius r;, 
and a constant intensity throughout; then 


P(r)=Po, 


=0, r>nr,. (40) 


It will be found that the velocity of the stream 
is proportional to 


G=}KP,*r;’, (41) 


so that it is convenient to calculate this quantity 
for several special cases. 

First, suppose that the medium is water, that 
the beam has a radius r; = 1.5 cm, while Py = 10° ub 
(=0.1 atmos.). Since 1.5105 cm/sec. 


G=3bk*? X10- cm/sec. (water). 


If the frequency of the sound is 24 megacycles, 
k=10*, and hence G=1.57b cm/sec. It will be 
expected, therefore, that these streams will 
become appreciable only at frequencies above 
1 megacycle, and have a negligible velocity at 
lower frequencies. This is in agreement with ob- 
servation. 


75 

| 
| 
| F 
| 
| 


76 


If the medium is air, the value of K is much 
larger because it is inversely proportional to the 
square of the density and the cube of the sound 
velocity. Supposing the sound beam to have the 
same radius and intensity, it is found that 


G =95.0bk? cm/sec. (air). 


For a frequency of 1 kilocycle, k=0.19, and 
hence G=3.4b cm/sec. Consequently, these 
streams should become important in air at fre- 
quencies above several hundred cycles. This is 
perhaps in agreement with Rayleigh’s resonator 
experiment mentioned above, which was per- 
formed at 256 cycles per second. 

While the velocity of the stream is proportional 
to G, its value will vary across the section of the 
tube which confines it. The direction of flow will 
coincide with that of the acoustic energy on the 
axis of the beam, and will be compensated by a 
counter-flow near the walls of the tube. The 
complete expression for the velocity is most con- 
veniently written in terms of the ratios 


x=r/ro, y=nr1/ro, 
and is 
g=G{3(1—x?/y*) (1 —2x*) —logy}, 


(42) 


= x}, <1. 
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Graphs of g as a function of x, are given, for 
various values of y, in Figs. 1, 2, and 3. 

The maximum value of g occurs on the axis 
and depends on the resistance offered to the flow 
by the confining tube. When the radius of the 
latter is infinite, the maximum value of g becomes 
logarithmically infinite. On the other hand, when 
the sound beam fills the whole of the tube, the 
flow stalls and g=0 everywhere. 


Experimental Determination of b 


The experimental determination of the nu- 
merical constant } has eluded three generations 
of physicists. Stokes argued that its value must 
be 4/3—i.e., that the bulk viscosity must be 
zero. This hypothesis has been theoretically 
verified for an ideal gas. Stokes’ arguments do 
not appear to be convincing in the case of 
liquids, and there is a growing belief (based on 
discrepancies between the observed absorption 
of high frequency sound and that calculated on 
the assumption that b=4/3) that it may have 
larger values. It is hoped that these calculations 
may suggest methods for its experimental 
measurement. 

It will be noted, however, that the above dis- 
cussion shows that the streaming velocity is very 
sensitive to the geometry of the experiment, and 
will readily become turbulent. Consequently, the 
experimental measurement of b may not be easy. 
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Letters to the Editor 


UBLICATION of brief reports of important dis- 

coveries in physics may be secured by addressing them 
to this department. The closing date for this department is, 
for the issue of the Ist of the month, the 8th of the preceding 
month and for the issue of the 15th, the 23rd of the preceding 
month. No proof will be sent to the authors. The Board of 
Editors does not hold itself responsible for the opinions ex- 
pressed by the correspondents. Communications should not 
exceed 600 words in length. 


On the Measurement of Ionospheric Virtual 
Height at 100 Kilocycles* 
R. A. HELLIWELL 


Department of Electrical Engineering, Stanford University, California 
November 20, 1947 


TUDIES of the reflection of atmospherics by the 

ionosphere"? have indicated that the effective height 
of the reflecting region lies between about 60 and 90 
kilometers at very low frequencies. Continuous wave 
interference measurements? made at 16 kilocycles at oblique 
incidence have been interpreted to indicate that the 
effective height of the reflecting layer rises from 70 or 75 
kilometers by about 12 kilometers at the time of sunset. 

Further evidence on the height of the ionosphere at low 
frequencies has been obtained with a pulse technique 
applied at vertical incidence at a frequency of 100 kilo- 
cycles. The method is similar to that used at high fre- 
quencies where virtual height is determined from the time 
required for a pulse of radio energy to travel to the 
ionosphere and back. A pulse of approximately exponential 
decay is produced every second by allowing an antenna 
which is charged to a potential of about 100 kilovolts to 
discharge to ground through a sphere gap. This pulse, which 
has a time constant of about 200 microseconds, travels by 
way of the ground and the ionosphere to the receiver 
located 2.7 kilometers away. The peak power radiated 
vertically is about 500 watts. 

The receiving antenna is a forty-foot dipole whose 
directional characteristic is used to discriminate against the 
ground pulse which would otherwise override the relatively 
weak ionospheric reflections. It is possible by this means to 
reduce the dipole response to the ground pulse to about 
sixty decibels below the maximum response. Discrimination 
of the same order of magnitude is obtained against most of 
the interfering signals and atmospherics which are present. 


* The over-all band width of the receiving system is eighteen 


kilocycles. Results are displayed on a five-inch oscilloscope 
and recorded photographically. The sweep is triggered by 
the ground pulse picked up on a separate receiver having a 
shorter time delay than that used to receive the sky-wave 
signals. 

Measurements made on the night of October 13 showed 
virtual heights ranging from about 91 to 98 kilometers in a 
group of thirty-three records. A sample of the records is 
shown in Fig. 1. The negative pips are timing markers 


77 


VOLUME 73, 


NUMBER 1 


spaced 167 microseconds apart corresponding to a virtual 
height of twenty-five kilometers. A reflected pulse is ob- 
served at about 95 kilometers and a first multiple at about 
190 kilometers. These values are corrected for the time re- 
quired for the ground pulse to travel over the 2.7-kilometer 
base line. The virtual heights measured from the multiple 
reflections, which were observed on a majority of the 
records, were in good agreement with those measured from 
the first reflections except in two or three cases. 

On several occasions a characteristic effect which has 
been noted at high frequencies was observed on 100 
kilocycles; namely, the amplitude of the first-order multi- 
ple was often greater than that of the first reflection. This 
is evidence of horizontal ion gradients such as might result 
from the action of winds in the ionosphere. 


JANUARY 1, 1948 


Fic. 1. Photograph of single sweep showing receiver-limited ground 
aoe followed by ionospheric sinetines at virtual heights of 95 and 190 

ilometers. Heights are measured with aid of the negative pips spaced 
25 kilometers apart. 


The ionosphere sounding technique described above 
should make it possible to fill an important gap in existing 
information on the ionosphere and to obtain a better 
understanding of the effect of the ionosphere on the 
propagation of low frequency waves. 

* This work was hy of 

1 Schonland, et al., Reflection of atmospherics from the ionosphere," 
Nature, May, 893 (1939). 

2 Laby, et al., Nature 142, 353 (1938). 


Jj. E. Best, J. A. Ratcl iffe, and M. V. Wilkes, Proc. Roy. Soc. 156, 
614 (1936). 


The Crystal Counter 


W. JENTSCHKE 
August 22, 1947 


ECENTLY the problem of a crystal counter has been 
discussed.! The following remarks may be of interest: 
In order to detect single a-particles by means of a crystal 
counter alkali halides, sulfur, zincblende, and diamond 
crystals were investigated by G. Stetter, K. Huber, and the 
author, in 1940.2 As expected, the alkali halides and the 
sulfur failed. The available zinc-sulfide crystal too was not 
useful, probably because of impurities. 

Two chips of white diamonds, 0.4 mm thick, had a high 
photo-conductivity. We observed with them pulses pro- 
duced by a-particles in a device similar to that mentioned 
by Wooldridge, Ahearn, and Burton,’ using cathode 
sputtered gold electrodes. In the absence of light the insula- 
tion was perfect. An electric field strength of 3000 volts per 
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cm being applied, the pulses produced by a-rays of 
polonium or thorium were very sharp. The time constant of 
the amplifier was 10~* sec. 

The number of ions was generally of the same order as 
measured in an ordinary gas chamber; the number of 
registered pulses was smaller than the number of the 
absorbed a-particles. 

In spite of the homogenous energy of the a-particles the 
magnitudes of the single pulses were very different from one 
another. Special experiments proved that the reason for 
this result was not the difference in pathway between the 
place of origin of the electrons and the anode. 

Alpha-particles penetrating the crystal either at the 
anode or at the cathode side produced about the same 
distribution of pulses. 

Single outstanding values of pulses of higher energy than 
that of a single a-particle were sometimes registered. The 
same field strength being applied saturation in photo- 
conductivity was measured as expected. 

For the explanation of the results the following may be 
pertinent: The a-particles penetrate only the surface layer 
of the crystal. Further the density of ionization by light is 
quite different from the ionization by a-rays which produce 
local lattice disturbances because of their high ionization 
density. 

A sudden discharge of [the produced] space charge may 
be considered as an explanation of some of the pulses, 
especially the larger ones. 

Regarding the experiments mentioned above, it is 
believed that a quantitative measurement of the number 
and energy of the single a-particles was not achieved. 

The diamond crystals investigated up to now for crystal 
counters have very different properties, although all of 
them possess photoelectric saturation. 

Some of the diamonds are quite insensitive to a-rays 
(P. J. Van Heerden; Wooldridge, Ahearn, and Burton). 

Other crystals show the inhomogenous pulses mentioned 
above. It is of interest to note from the investigations of 
Wooldridge, Ahearn, and Burton ‘that diamonds exist 
which possess the qualities necessary for a quantitative 
measurement of single a-particles. 


J. Van The Crystal Utrecht 1945; 
D. E. Wooldridge, A. J. Ahearn, and J. A. Burton, Phys. Rev. 7; 
913 ray Robert Hofstadter, Bull... Am. Phys. Soc. 22, No. 4 (1947). 

. Stetter, Verh. d. D. Phys. Ges. 22, 13 (1941). 


Note on Gamma-Radiation from Europium 


J. M. Corx, R. G. SHREFFLER, AND C. M. FowLer 
Department of Physics, University of Michigan, Ann Arbor, Michigan 
November 19, 1947 


N reporting the energies of the gamma-rays emitted 

by radioactive europium 154 it was noted that two 
spectral lines had the expected relative intensity and 
exactly the energy difference to be expected for conversion 
XK and L electrons in the element of atomic number 61. 
This was interpreted as possibly indicating an impurity of 
neodymium in the bombarded specimen of europium, 
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although no long half-lived isotope of neodymium js 
known. Continued observation has shown that this agree. 
ment with the K-L difference in element 61 is purely 
fortuitous and that these two lines have the same half-life 
as the other europium lines, namely, about 6 years. They 
are therefore X conversion lines in gadolinium, of energy 
197.0 and 235.7 kev derived from gamma-rays of energy 
247.3 and 286.0 kev. These new energies lead to an inter. 
esting combination as part of a level diagram since the 286 
kev added to the previously reported 122.1 kev gives 
408.1 kev, which is very close to the previously reported 
gamma-ray at 407.8 kev. 


On Magnetism of Celestial Bodies 


JEAN MARIANI 
Institute for Advanced Study, Princeton, New Jersey 
November 12, 1947 


HE proportionality between the magnetic moment 

and the angular moment of celestial bodies in the 
case of 78 Virginis has recently been verified by Mr. H. 
Babcock.! It seems possible to give a theoretical interpreta- 
tion of that new natural law in the following way.’ 

The motion of a continuous, perfect fluid, without 
internal pressure, in an electromagnetic field not sensibly 
perturbed by it, is given by the ordinary Lorentz force, 
which yields the equations: 


du;/ds = Fi ju? = wi ju’, (1) 


oo being the proper charge density of the fluid, po its proper 
mass density, u'=dx*/ds its four-dimensional velocity at 
each point, Fi;=¢i,;—¢;,; the external electromagnetic 
field (the gravitation effects being neglected). When oo/poc* 
is constant in the domain occupied by the fluid, we easily 
get: 

Wij = Ui, = (G0/poc?) Fi, (2) 
from analytical dynamics, by writing (1) in canonical form; 
consequently, 

Ui = (¢0/pac*) gi +0 F/dx*. (3) 
Thus, u; may be regarded as a determination of ¢;, which 
seems to furnish a very natural geometrization of electro- 
magnetic field, but, in classical electromagnetism, we are 
dealing in this way with several difficulties. 

First, in the general case of a fluid charged in the 
Maxwellian sense oo/poc? has an arbitrary value; second, 
the ¢; are defined in the whole region occupied by the field 
and the x; only interior to a certain light cone and require 
the presence of matter (from a remark of Professor Einstein), 
but we must notice tat electromagnetic field has no ex- 
istence “‘in self,” contrarily to the classical assumption. For 
its determination at each point, we need at these points a 
fluid composed of test particles whose motion is governed 
by (1), otherwise the field remains indetermined. 

In a peculiar case, we may determine uniquely oo/poc*, in 
order to satisfy the theory. If we suppose that rotation and 
electromagnetic field are uniquely associated, when a fluid 
regarded as neutral in classical theory is in rotational 


ue 


li 
ai 
ti 
fe 
ti 
Xe 
si 
a 
pe 
(d 


urely 
If-life 


nergy 
inter- 
e 286 
gives 
orted 


LETTERS TO 


motion, it must produce an electromagnetic field, acting on 
each particle of the fluid; in the Newtonian approximation 
of relativity, we get: 


poc? 2 


with the help of (2); therefore: oo= +k'po. This electrical 
density is precisely of the order assumed for producing 
cosmic magnetism;* conversely from this relation and 
relativistic symmetry (2) and (1) are easily deduced. We 
must also remark that from e= +k4m, where e is a charge 
associated with the mass m, we deduce, in the Schwarzschild 
jnterior problem for an homogeneous sphere of radius 
a and classical mass mo where m=mo+3kmp"/5c%a, 
e' = +3kimo*/Sc*a; e’ is the charge associated with the 
gravitational field energy 3kmo*/Sa; it is‘of the same order 
as the negative charge at the surface of the earth. 
1H. W. Babcock, Phys. Rev. 72, 83 (1 


947). 
2 Comptes Rendus Ac. Sc. 7 417, 585 (1944). 
4 Blackett, Nature 159, 658 (194 


On the Formation of Chemical Elements Inside 
the Stars 


GLEB WATAGHIN 
Department of Physics, University of Sao Paulo, Sao Paulo, Brasil 
September 15, 1947 


ECENT calculations have shown the possibility of 
relating the observed abundances of nuclei in the uni- 
verse to the process of formation of nuclei in an early state 
of matter under conditions not far from thermal equi- 
librium.! The temperature and density of this primitive 
assembly of elementary particles at the moment of forma- 
tion of nuclei were: 


kT~4X10' ev, p~10" g/cm’. (1) 


Important supplementary information about the origin 
of nuclei can be derived from the study of interaction be- 
tween gravitational and thermal energies. Let us apply the 
following well-known formula of Jeans theory of gravita- 
tional instability to a fluid of density ~10" or ~10" g/cm: 
ho? = (x/Gp)(dp/dp), where Xo indicates the linear dimen- 
sions of a star which can be formed, and dp/dp~(v*)a,/3 for 
a gas of nucleons, or ~}c? for a gas of photons and electron 
pairs of k7 > Mc*. One finds values for \9: or cm, 
and for masses M of the star, between 10** g and 10% ¢ 
(depending on the values of p and of k7). 

Further limitations arise from the conservation law of 
energy and from general theorems about the gravitational 
energy (e.g., the Perry-Ritter relation). The gravitational 
energy of a sphere of average density ~10" g/cm?: 
Eg=3G M?/5R becomes of the order of Mc*, for M~10* g, 
and Mc? for the mass of a galaxy. We can deduce, 
therefore, that the energy of the particles should be too 
great to permit the formation of nuclei inside a mass 
10 g. And thus the nuclei were probably formed inside 
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the stars.* Indeed, writing the conservation law 
Estectrons+ = nz, aEz, Me’, 


where 2 nz, 4Ez,a is the energy of the nuclei (including the 
rest energy) one can see that the energy of the om 
+radiation must be > Egand ~2 Mc? in the case M~10" g 
Elementary calculations show that if the star is con- 
stituted of a neutron core of density 10" g/cm’, the 
neutrons will be in a degenerate state with critical value of 


energy 
3ny\! 
Ew= 7 
2Mw 3X10? ev. 


Comparison with (1) shows that the temperature required 
for formation of nuclei is of the order of the critical temper- 
ature of degeneracy of neutrons. 

If one applies to a star having p~10" g/cm* and M~10* 
g, the well-known formulae of a “standard model,” one 
finds for the central pressure and central temperature 
values: 


pe~11 XGM*/R*~10* erg/cm'; 
kT.~BGM X My/R~BX 10° ev, 


where £8 is the ratio between the pressure resulting from 
nuclei and the total pressure. We see that these values are 
too high for a thermodynamical equilibrium which could 
give rise to the formation of nuclei and that further ex- 
pansion and cooling are to be expected. The production of 
electron pairs and the blackbody radiation should play an 
important part in this process.* But a rapid expansion (per- 
haps of duration of few seconds‘) would reduce the central 
temperature and density and permit the formation of the 
whole variety of nuclei in conditions near those indicated 
by (1). 

Another possibility is given by the model of a quasi- 
degenerate neutron core. The value of - in this case is 
given by (2E.-/5+2°(kT)*/3Ecr ny and is of an order of 
magnitude sufficient to equilibrate the central gravitational 
pressure [if 10*°<M<10* g and ny~6X 10°"). 

' P, Saraive de Toledo and G. Wataghin, Phys. Rev. 72 (1947). 
2G. Wataghin, Phys. Rev. 70, 430 (1946). 


3G. Wataghin, Phys. Rev. 66, 149 (1944). 
«G. Gamow, Phys. Rev. 70, 572 (1946). 


On the Relative Abundances of Nuclei 
in the Universe 


PAULO SARAIVA DE TOLEDO AND GLEB WATAGHIN 
Department of Physics, University of Sao Paulo, Sao Paulo, Brazil 
September 15, 1947 


REVIOUS attempts! to find conditions of thermo- 
dynamical equilibrium between nuclei, elementary 
particles, and radiation, corresponding to the observed 
distribution of nuclei in the universe, could not explain the 


m is 
igree- 
nergy 
ment | 
the 
r. H. 
reta- 
(1) | 
at | 
netic 
| 
asily 
(2) | 
orm ; | 
ctro- 
are 
ond, 
field | 
ire 
ein), 
For 
its a | 
in 
and 
luid 
onal 


80 LETTERS TO THE EDITOR 


as 
> 
*4) 
le 
| 
Fic. 1. 


relative abundances of all nuclei, especially the approximate 
constance of abundance of heavy nuclei (A >100).? 
Working with a method proposed by one of us* we made an 
attempt to obtain the general law of distribution for the 
whole periodic system, looking for the average variation of 
abundances, without paying attention to the details of the 
distribution.‘ 

The results for two temperatures are reproduced in the 
following Figs. 1 and 2, where experimental abundances are 
indicated following the data of Goldschmidt, and theo- 
retical values were obtained by means of the formula: 


log (Z—Z')+DX(A if") 
M: 
—BX(Mza— Mara) +} 
Za’ 


already used in previous papers.® Here mza and mz: indi- 
cate number of nuclei per cm*; a, B, and D are parameters 
of the distribution. We neglected the factors representing 
the multiplicity of nuclear states and admitted that for 
kT=10" ev the contributions of excited states to the 
statistics of nuclei could be taken into account writing for 
the average energy E of nucleus: E=Mc?+kT. We found 
by trial that for the temperatures of the order of 20 or 40 
Mev (B~20 or B~10) the calculated abundances fit 
roughly the experimental curve, and we reproduce here two 
typical results between many possible ones corresponding 
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to nearly the same parameters. The results obtained with 
kT~40X 10° ev (B~10) are more satisfactory and give for 
U** a theoretical abundance —6.95 compared with the ob- 
served —7.6 (whereas the other choice of parameter gives: 
—10.5). The total density of nuclei can be calculated using 
the general laws of equilibrium between nuclei, photons, 
and electrons, (disregarding the eventual production of 
mesons) and assuming that initially the total charge is 0, 
In this way one obtains densities ~10" g/cm for light 
nuclei, ~10* g/cm? for heavy nuclei. For protons one has: 
1.7X 10% g/cm? or 3.6 10" g/cm’, at kT7~40 Mev or 20 
Mev, respectively. 

From the general satisfactory agreement between the 
calculated and observed points in Fig. 1, we deduce that 
nuclei were probably formed at conditions not very far 
away from those of thermal equilibrium. The high rate of 
nuclear reactions makes this assumption acceptable even if 
the phase of expansion at which nuclei were formed lasted 
only few seconds.*® 

A further inspection shows that there is no close corre- 
spondence between the relative abundances of isotopes in 
the two series of data (theoretical and observed ones). 
Obviously one should expect a change of relative abun- 
dances during the following cooling processes and, for 
radioactive nuclei or for nuclei formed in the known 
thermonuclear processes (H, Li, Be, B), continuous change 
with the time. We are inclined to admit that the observed 
ratios between the abundances of isotopic nuclei were 
established during the successive stages of cooling and 
expansion of matter, at lower temperatures: kT~10° ev. 
Indeed previous calculations' show a close agreement be- 
tween the theoretical and observed relative abundances of 
some isotopes at this temperature. 

1C. F. v. Weizsaecker, Phys. Zeits. 39, 633 (1938); S. a oy 
and L. R. Henrich, Astrophys. J. 95, 288 (1942); O. Klein, G. Bescow, 
and L. Treffenberg, Arkiv. f. Mat. Astr. Fysik. 33, 1 (1946); C. Lattes 
mes G. Wataghin, Phys. Rev. 69, 237 oe i Os 430 (1946). 


V. M. Goldschmidt, Geochem. Vert. d. El., (Oslo), 9 (1938). 
as é. Wataghin, Comptes Rendus, 203, oop (1935); Phys. Rev. 66, 149 


4G. ‘Gamow, J. Washington Acad. Sci. 32, 353 (1942). 

6 C. Lattes and G. Wataghin, Phys. Rev. 69, 237 (1946); Phys. Rev. 
70, 430 (1946). Klein, Bescow, and Treffen’ berg used an equivalent 
formula (Eq. (1), loc. cit.) deduced with Gibbs thermodynamical 
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¢ G. Gamow, Phys. Rev. 70, 572 (1946). 


Absolute Cross Section for the Reaction 
C"(p, pn)C" at High Energy 


Epwtn M. McMILLAN AND RICHARD D. MILLER 


Radiation Laboratory, ay of Physics, University of California, 
Berkeley, California 


November 21, 1947 


ECENT measurements by Chupp and McMillan‘ 
have shown that the cross section for producing C" 

from C” by proton impact is independent of energy from 
60 Mev up to at least 140 Mev; to find the absolute cross 
section for this process, it was only necessary to measure 
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the activity produced in carbon by a known proton current. 
The source of protons was the same as described in refer- 
ence 1, using a }-in. thick Be target. In a position corre- 
sponding about to that marked B in Fig. 1 of this reference 
was placed a lead box having a 1-in. round hole in one 
side to admit protons. The protons coming through the 
hole passed through } in. of copper to stop any slow 
particles, then through the sample to be activated (sheets 
of 5-mil polystyrene), then were collected in a thick insu- 
lated lead block. No defining slits other than the hole 
were used since other experiments showed that the action 
of the magnetic field gave ample collimation for this pur- 
pose; in fact, an excitation curve taken with a bare stack 
of carbon plates was reasonably accurate except for some 
loss of definition near the end of the range. Secondary 
emission from the collector block is known to be negligible 
from the fact that very little current is collected by the 
thin cyclotron targets when traversed by the deuteron 
beam. The energy of the protons going through the sample 
was equal to the mean proton energy (4 deuteron energy — } 
energy loss in traversing Be target =80 Mev) less the 18- 
Mev loss in the } in. of copper, or 62 Mev, which is on the 
flat part of the excitation curve. 

The activity measurements were made by comparing 
the counting rates of the activated polystyrene sheets 
with a calibrated uranium standard; absorption corrections 
were small and back-scattering was minimized by mounting 
the sheets with no backing material. Three sheets were 
used in each run, and the individual counts agreed ex-. 
cellently. Another sheet behind the collector block served 
to evaluate the neutron background which gave a 1 percent 
correction. The proton-induced activity in sheets of 13.9 
mg/cm? surface density carbon atoms/cm?), 
expressed as the saturation activity at the end of a very 
long bombardment, was found to be 5950 disintegrations/ 
sec. in the first run and 6010 disintegrations/sec. in the 
second run. 

In order to measure the current, a lead was brought 
out from the collector to a vacuum-tube electrometer out- 
side the cyclotron shield. This circuit used a Victoreen 
VX-32 tube as an inverted triode, i.e., the input was 
connected to the plate, while the grid current was observed. 
The potential of the cathode was varied manually so as to 
keep the grid current constant, thus maintaining constant 
potential differences between the electrodes, and the 
cathode potential was read. Under ideal circumstances 
this method would give directly the integrated current 
during the exposure; in practice, it was found that the 
cable insulation became very leaky when the cyclotron was 
running. To minimize this effect, vacuum-insulated cable 
was used from the center of the cyclotron to a point 12 
feet outside the vacuum chamber, the remaining 60 feet 
of cable being RG-62. A lead shutter in front of the sample 
box could be closed to make leakage measurements with- 
out exposing the sample. With the cyclotron running, it 
was found that the leakage current varied with collector 
potential in an ohmic fashion, with an effective resistance 
of about 2X 10" ohms; also, the potential of zero leakage 
was determined. Then extra capacitance was added, the 
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collector potential was set at 1.5 volts below the point of 
zero leakage, the shutter was opened, and the cyclotron 
was run steadily until the collector potential had risen 3 
volts. Voltage readings were made at 1-minute intervals 
during the run. The collected current J is then given by: 


I=(A4V/2R) ctnh(At/2RC) 
~(CAV/At)[1+ (1/12) (t/RC)*), 


where AV=total voltage rise, At=time of exposure, 
R=leakage resistance, and C=capacitance. R can be 
evaluated from the shape of the voltage-time curve; if » 
represents the deviation of the curve from a straight line 
at the time mid-point, then: 


IR=(AV)*/80+ $0. 


In the first run, AV=3 volts, At=24 min., C=9120 pyufd., 
and v=0.25 volt, from which R=2.3X10" ohms, RC= 36 
min., and J=1.97X10-™" ampere. In the second run, 
R=2.2X10" ohms, and J=2.09X 10-" ampere. 

The above activity and current measurements can now 
be combined to get the activation cross section. Thus we 
get for the two runs ¢g=0.075 X 10™ and 0.071 X 10™ cm’, 
respectively. Allowing for possible systematic errors, the 
result is given as 0.073+0.010 barn. 

An estimate of the total proton current is of some 
interest; from the area and position of the 1-in. hole and 
the theoretical energy and angle distributions this is esti- 
mated to be about 1/40 microampere, which agrees with 
the theoretical proton yield of 2 percent and the estimated 
deuteron current of about 1 microampere. 

Also of interest is a determination of the relative yields 
of C" from C, N(Be;N:), and O(BeO) samples bombarded 
simultaneously in a 60-Mev proton beam. The yields per 
atom were in the ratio C:N:0=1:0.28:0.36. 

The authors wish to thank Mr. Warren W. Chupp for 
his assistance in these measurements. This work was done 
under the auspices of the Atomic Energy Commission, 
under Contract No. W-7405-eng-48. 


1W. W. Chupp and E. M. McMillan, Phys. Rev. 72, 873 (1947). 


The Mean Life of Negative Mesotrons in 
Sodium Fluoride* 
Harotp K. TicHo AND MARCEL SCHEIN 
Department of Physics, University of Chicago, Chicago, Illinois 
November 21, 1947 

AST year Conversi, Pancini, and Piccioni' showed that 
negative mesotrons, stopping in carbon, do disinte- 
grate. This result seemed to indicate that the interaction of 
mesotrons with nucleons was much smaller than postulated 
in meson theories.** Since it seemed essential to prove that 
disintegration and nuclear capture are actually competitive 
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processes for every mesotron stopped, and since it appeared 
probable that the disintegration of negative mesotrons 
might have some bearing on the lower value of the mean 
life obtained in aluminum by one of us,‘ we carried out an 
experiment to determine the mean life of positive and nega- 
tive mesotrons separately. The absorber chosen was NaF 
because the results of Sigurgeirsson and Yamakawa' indi- 
cated that for Z ~ 10 the effect should be easily detectable. 

The counter arrangement is shown in Fig. 1. Anticoinci- 
dences (Ca, Ca, Cc, —A) actuated the timing circuit, and 
time intervals between the firing of counter S and any of 
the counters D were recorded. The linear sweep used in the 
timing circuit was automatically calibrated every hour by 
means of a 1-megacycle crystal oscillator. The iron bars, 
similar to the ones used by the Rome group,' were operated 
at magnetic saturation (15,000 gauss) and when collecting 
mesotrons of one polarity rejected all those of the opposite 
polarity whose energy was smaller than 160 Mev upon 
leaving the iron. The 16.2 g/cm? of NaF stopped mesotrons 
with energies smaller than 56 Mev. To check the separation 
of positive and negative mesotrons the NaF absorber was 
replaced by an equivalent amount of lead in which no 
negative mesotrons disintegrate. The effectiveness of the 
magnetic lens in barring mesotrons of the “‘wrong”’ polarity 
is at least 93 percent. The error in the time measurement 
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kic 1. Counter arrangement. 
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Fic. 2. Results of experiment with NaF. 


for each individual disintegration, due mainly to the spon- 
taneous lags in the counter tubes, is +0.05 usec. 

The results of the experiment with NaF are plotted in 
Fig. 2. The curve for negative mesotrons was plotted accu- 
rately and yields a mean life of r_=1.33+0.14 usec; the 
curve for positive mesotrons is normalized with the curve 
for negative ones in such a way that both represent equal 
numbers of mesotrons stopped in the absorber. The mean 
life of positive mesotrons obtained from this curve is in 
agreement with the value of 2.15 usec obtained by Nereson 
and Rossi.* Considerations published earlier? showed that 
the ratio r_/r, may be obtained from the counting rates of 
disintegrations of positive and negative mesotrons. Using 
the actual counting rates of this experiment, and an excess 
of positive mesotrons of 20 percent, one obtains the ratio 
r_/r4=0.73+40.10, which is in satisfactory agreement with 
the ratio r_/r, =0.62 derived from the slopes of the dis- 
integration curves of Fig. 2. 

Assuming with Wheeler® that the probability for capture 
A is equal to kZ‘ (Z =atomic number), one obtains from the 
here determined mean life of negative mesotrons, k = 29+ 3. 
Furthermore, if this Z dependence should be correct, 
mesotrons, stopping in aluminum, should have a mean life 
of approximately 0.8 usec, which would give a satisfactory 
explanation for the change in the mean life of all positive 
and negative mesotrons from 2.15 to 1.78 usec observed in 
aluminum.‘ Further experiments are now in progress. 

! M. Conversi, E. Pancini, and O. Piccioni, Phys. Rev. 71, 209 (1947). 
? E. Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 

ig A. Wheeler, Phys. Rev. 71, 320 (1947). 

‘H. K. Ticho, Phys. Rev. 72, 255 (1947). 

5T. Sigurgeirsson and A. Yamakawa, Phys. pore 71, 319 (1947). 


6N. seueen and B. Rossi, Phys. Rev. 64, 199 
7H. Fiche and Marcel Schein, Rev. 72, 248 (1947). 
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Radiofrequency Conductivity of Gas-Discharge 
Plasmas in the Microwave Region 
LapISLAS GOLDSTEIN AND NATHANIEL L. CoHEN 


Federal Telecommunication Laboratories, Inc., New York, New York 
November 10, 1947 


N connection with a specific application, we have been 
investigating the conductivity of gas discharges in the 
microwave region. The problem involves the transmission 
of low power, very high frequency signals through a coaxial 
transmission line containing part of a gas-discharge tube as 
a dielectric gap in the center conductor.' The length of this 
gap is so determined that the radiofrequency signal 
normally is attenuated at least 40 decibels when the dis- 
charge is off. 

The conditions established with respect to the signal 
level are: (1) that the radiofrequency energy be insufficient 
to accelerate electrons produced in the discharge to inelastic 
collision levels, and (2) the mean free path of electrons in 
the discharge be large compared to the amplitude of possible 
electronic oscillations in the radiofrequency field. Simple 
theoretical considerations lead, in the steady state, (1) to 
the use of non-electronegative gases, and particularly to the 
heavier rare gases such as argon, neon, krypton, or ap- 
propriate mixtures of them, and (2) to pressures such that 
the electronic mean free time be of the order of the period 
of the incident waves.* 

The most significant results are presented here. The data 
shown below are for measurements made with signals of 
2000 megacycles per second and power levels below about 1! 
milliwatt. For these conditions, pressure below 10 millime- 
ters of mercury of the gases cited above gave best results in 
accordance with the tentative theory. Some typical 
characteristics of radiofrequency signal agtenuation as a 
function of discharge ‘direct current are shown in Fig. 1. 
The discharge tubes were so constructed relative to the 
coaxial line that discharge plasma fills the region of the 
dielectric gap. For relatively low current discharges, with 
either normal glow or arc conditions, the attenuation of the 
incident signal increases beyond the attenuation of the gap 
in the absence of a discharge. With further increases in 
discharge current, the attenuation is seen to fall sharply to 
a low value. This rapidly rising characteristic is suggestive 
of a resonance phenomenon. This appears to be related to 
the high frequency electronic plasmoidal oscillations.* * The 
frequencies of such oscillations are given by v= (Ne?/xm)}, 
where N is the electron density in the discharge plasma, e, 
and m are the electronic charge and mass, respectively. 
Hence, in a discharge plasma one might expect a continuous 
spectrum of oscillation frequencies limited at the high 
frequency side by the value of » corresponding to the maxi- 
mum electron density. The maximum electron densities 
deduced from the discharge direct currents at conditions of 
minimum attenuation of radiofrequency signal (order of 3 
decibels) were found to correspond to values of N which, 
when inserted in the above equation, yield a value of » 
approximating the frequency of the radiofrequency signal. 
It appears that for conditions of maximum conductivity of 
a radiofrequency signal of frequency »,, an oscillation close 
to that frequency would exist in the conducting plasma 
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Fic. 1. Typical characteristics iofrequency signal attenuation as a 
fu direct current. 


even in the absence of the radiofrequency signal. This led 
us to investigate the radiofrequency oscillations produced 
in a direct current gas discharge in the absence of any 
external radiofrequency fields. 

The results of this investigation indicate that such high 
frequency oscillations do exist in the discharge and have 
increasing amplitudes with increasing direct currents. In 
addition to these high frequency oscillations, we observed 
low frequency oscillations similar to those previously re- 
ported. ® These oscillations are classified here, along with 
random oscillations, as noise. For conditions of minimum 
attenuation, this noise power was found to be of the order 
2 10-'* watts/cycle at 2000 megacycles per second. 

It may be indicated that this method may be used in the 
study of the properties of the gas discharge plasma. In 
particular, information concerning electron densities, elec- 
tronic mean-free path, and in the disintegrating plasma, the 
electron distribution functions may be obtained. 

1D. E. Kerr, S. C. Brown, and W. P. Kern, Bull. Am. Phys, Soc. 22, 
Phys. Rev. 69, 608 (1946). 

+L. Tonks and I. uir, Phys. Rev. 33, 195 (1929). 

41. muir, Proc. Nat. Acad. Sci. 14, 627 (1928). 

* J. D. Cobine and C. J. Gallagher, J. Franklin Inst. 243, 41 (1947) 


and the references included therein. 
* B. Granovsky and L. Bykhovskaya, J. Phys. U.S.S.R. X, 351 (1946). 


The Radiations from 2.70-Day Au'™ 


Paut W. Levy anv E. GREULING 
Clinton National Laboratory, Oak Ridge, Tennessee 
November 21, 1947 


HE radiations from 2.70-day Au'®* have been in- 
vestigated with photographic and counter recording 
spectrometers of 10-cm radius. Sources were prepared by 
irradiating gold foil in the Clinton pile. Kurie plots, made 
from sources of various thicknesses, all indicate that the 
maximum energy of the continuous spectrum is 0.970 
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+0.010 Mev. Also, these plots are linear for energies greater 
than 0.6 Mev, but below this energy the points gradually 
rise above the straight line. This effect is observed even 


Fic. 1. Suggested decay scheme for 2.70-day Au, 


with the thinnest source used, 0.25 mg/cm?, and conse- 
quently it is felt that it is not due to back-scattering or self- 
absorption. Superimposed on the continuous spectrum are 
prominent K, L, and M conversion lines from a gamma-ray 
of 0.408 Mev, and several weak lines from lower energy 
gamma-rays. The decay of these lines and the continuous 
spectrum was followed with the spectrometer, and they 
were found to have the same half-life. The conversion lines 
were studied with the photographically recording spectro- 
graph, and the results are summarized in Table I. 


TABLE I. Gamma-rays and conversion lines in Au’, 


Conversion Estimated Energy of Energy of 


Gamma- lines intensity of ‘conversion gamma-rays 
ray observed conversion lines lines (Mev) (Mev) 
Medium 0.074 0.157 
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the continuous spectrum are 0.970+0.010 Mev and 0.605 
+0.014 Mev. The end point of the low energy component 
was obtained by subtracting the sum of the energies of the 
low intensity gamma-rays from the maximum energy of the 
high energy beta-component. From the position of the 
inflection point in the Kurie plot we obtained a value for 
the low energy end point that agrees with, but is less 
accurate than, the value given above. The intensity of the 
low energy component is 15 percent, or less. The uncertainty 
in this figure is difficult to estimate since, in determining it, 
we had to assume that the back-scattering and absorption 
in the thinnest source was negligible. 

A paper giving full details of this investigation and a 
discussion of the beta-ray theory involved is in preparation. 

iE L. Lawson and J. M. Cork, Phys. Rev. 58, 580 (1940). 


H. Plesset, Phys. Rev. 62, 181 (1942). 
3K. Siegbahn, Proc. Roy. Soc. 189, 527 (1947). 


Spark Breakdown at Atmospheric Pressure and 
Above in Relation to Paschen’s Law 


CHARLES G. MILLER AND LEONARD B. LOEB 
Department of Physics, University of California, Berkeley, California 
November 22, 1947 


HE streamer theory of the spark was developed inde- 
pendently by Loeb and Meek! and by Raether? from 
1939-40 and is applicable to sparks at pressures of about 
atmospheric and above; it depends on ion concentrations. 
In consequence, as Varney and later Loeb and Meek! 
have indicated, Paschen’s law observed for lower pressures 
and classically accepted as universally applicable, no longer 
holds. Proof of its failure in spark breakdown studies at 
higher pressures had been lacking because of inadequacy 
in range of the past observations until the recent work of 
Howell, of Trump, Safford, and Cloud, and of Skilling and 
Brenner at higher pressures and potentials.‘ The semi- 
quantitative theory of Meek, also set up independently by 
Raether, was admittedly incomplete in that it was based 
solely on field distortion produced by the positive ion 


TABLE I. 


V. (Trump) V. (Meek) 
in KV in KV 


The conversion lines of the 0.408-Mev gamma-ray have 
been observed by several investigators,’~* and some of the 
other lines by Plesset.? The value obtained for the maximum 
energy of the beta-spectrum is considerably higher than the 
0.92+0.01 Mev given by Siegbahn.* However, he used a 
very thick source and, as he states, the spectrum he ob- 
tained could be considerably distorted. 

The gamma-ray data, together with the apparent in- 
flection in the Kurie plot, support the decay scheme shown 
in Fig. 1. The maximum energies of the two components of 


(cm) 

7000 3.74 773.9 
p =200 Ib./in. 8550 3.075 813 773.2 
=26250 mm Xcm 10100 2.60 785 772.7 
S18, 

. 54 2. 1 
p =120 Ib./in. 6981 2.261 502 486.0 
10084 1.565 473 485.2 
775.7 3.378 95 94.3 
3878 93:8 
p =20 Ib./in. 3430 0.485 87 93.6 
=2627 mm Xcm 6981 0.373 84 93.5 
8532 0.307 82 93.4 
10084 0.260 81 93.4 
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space charge density which was created. It neglected the 
high energy photon production, absorption, and ionization 
in the gas. In a recent paper submitted for a special forth- 
coming issue of Reviews of Modern Physics, Loeb has arrived 
at a more nearly proper approach to the equation for the 
streamer advance.* This enables photon production and 
photoelectric ionization in the gas to be included, retaining 
as well the Meek-Raether criterion. It is there predicted 
that, owing to the pressure dependence of the absorption 
coefficient for ionizing photons, this will have the effect of 
emphasizing pressure variation in the sparking equation 
in a still higher degree than does the Meek-Raether 
criterion. Thus departures from Paschen’s law should be 
even greater than calculated by the Meek equation. One 
of us has just computed a number of the characteristic 
curves between sparking potential V, and gap length for 
three values of p (pressure p is in mm of Hg, 6-gap length 
in cm), experimentally observed by Trump, Safford, and 
Cloud‘ in a region where field emission cannot distort 
their curves as it might have in Howell’s work. The data 
and results are shown in Table I, for plane-parallel elec- 
trodes in air. It is seen at once that while the Meek equation 
yields a small variation of V, with 6 for constant p which 
is of the correct form, it is less than the actually observed 
change by a factor of from 40 to 14. This is just the sort of 
departure to be expected by neglect of the absorption 
coefficient. Thus one must conclude that: (1) Paschen’s 
law does not hold in this region in air, (2) that the de- 
parture is what one would expect from the streamer 
mechanism, and (3) that the Meek-Raether criterion 
requires amplification to include the photoelectric absorp- 
tion. More theoretical work is needed along the line 
indicated by Loeb® to arrive at a correct and useful 
equation. Much more experimental work is needed further 
to confirm the departure and to determine where the 
streamer mechanism and failure of the law give way to 
the Townsend mechanism and Paschen’s law as a function 
of gap length and pressure. 
B. Loeb, Fundamental Processes of Electrical yy gh in Gases 

ola Wiley and Sons, Inc., New York, 1939), fi 426 ff.; J. M. Meek’ 
Phys. Rev. 57, 722 (1940); L. B. Loeb and J. M. Meek, J. App. Phys. 1l’ 


438, 459 (1940); L. B. Loeb and J. M. Meek, Mechanism of the Electric 
Pty (Stanford University Press, Stanford University, California, 
1 


2H. Raether, Zeits. f. Physik 110, 611 (1938); 117, 386, 524 (1941); 
Archiv, f. Elektrotechnik 34, 49 (1940). 

3R.N. Varney, L. B. Loeb, H. J. White, and D. Q. Posin, Phys. Rev. 
48, 818 ( 1935). 

4A. H. Howell, Trans. Am. Inst. Elec. Eng. 58, 193 (1939); Skilling 
and Brenner, Trans. Am. Inst. Elec. Eng. 60, 112 (1941); Trump, 
— and Cloud, Trans. Am. Inst. Elec. Eng. 60, 132 (1941). 

B. Loeb, Rev. Mod. Phys. (to be published). 


The Disintegration Energy of N'*(n, p)C™ 
P. HUBER AND A. STEBLER 
Physics Department, University of Basle, Switzerland 
November 10, 1947 


HE energy of reaction of the (m, p) disintegration of 
N" was measured with an ionization chamber and a 
linear amplifier. The evaluation of the energies from the 
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disintegrat otographed wi! “pulse spectrograph.” ve 


charges measured with this standard method is possible in 
two ways: 

1. By direct calibration of the arrangement with a-particles of known 
“Ti using the ionization energy for the calculation of the energies 
of reaction. 

The latter method has been used here with the value of 
36.3 ev for the ionization energy of nitrogen measured by 
Alder, Huber, and Metzger.' 

The (n, p) disintegrations in N™ are excited with slow 
neutrons from a d-d source. A total number of 5600 dis- 
integrations were recorded with the “‘pulse spectrograph.’ 
Figure 1a shows a record taken with 1500 pulses which is 
converted to a linear scale in Fig. 1b. The energy of 
reaction corresponds with the maximum of the pulse 
spectrum. 

The width of the completely symmetrical distribution 
curve is caused by the noise of the apparatus.* The mean 


TaBLe I. 
Barschall and Battat 0.710 Mev* 
Bonner und Brubaker 0.620 Mev‘ 
0.60 Mev® 
Huber, Huber, and Scherrer 0.57 +0.04 Mev® 
Computed from masses 0.60 Mev’ 
Present measurements 0.63 +0.01 Mev 


value of the maximum in five independent records is equal 
to 2.78-10-* coulomb, the deviations being smaller than 
0.4 percent. This corresponds to an energy of reaction of 
0.63+0.01 Mev if the energy of ionization is taken equal 
to 36.3 ev. This calculation was done under the assumption 
that the energy of ionization is independent from the energy 
of the particles. The results of this and earlier papers are 
collected in Table I. 


1 Alder, Huber, and Metzger, Helv. Phys. Acta Ee, 234 (1947). 

2? D. Maeder, Helv. Phys. Acta XX, 139 (1947); D. Maeder, P. Huber 
and A. Stebler, Helv. Phys. Acta XX, 230 (1947). 

3 E. Baldinger, Helv. > Acta XIX, 423 (1946). 

4H. H. Barschall and M. S, Beet. Phys. Rev. 70, 245 (1946). 
am Boggild, Kgl. Danske Vid. Sels. Math. -Phys. Medd. 23, 23 

* Huber, Huber, and Scherrer, Helv. Phys. Acta am. 209 (1940), 
corrected with 36.3 ev as value of ener; depemenen 

7P. W. Levy, Phys. Rev. 72, 248 (1 
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Photoelectric Effect in Self-Quenching 
Geiger-Mueller Counters* 


M. V. ScHERB 


Bartol Research Foundation of the Franklin Institute 
Swarthmore, Pennsylvania 


November 22, 1947 


METHOD has been discovered for treatment of a 
Geiger-Mueller counter which produces a marked 
change in its photoelectric properties. By means of a dis- 
charge treatment at liquid-air temperatures, the results 
shown in Figs. 1 and 2 were obtained with the following 


experimental set-up. 


3 
4 


* UNTREATEO COUNTER (EXtnooe) 
AFTER TREATMENT (50 win.) 
- AFTER TREATMENT (80 win.) 


RELATIVE SENSITIVITY - COUNTS PER win.x 10% 
= 


2000 000 3500 
WAVE LENGTH IN ANCSTROMS 


Fic. 1. Spectral distribution curves showing the effect produced by a 
of a self-quenching Geiger-Mueller counter at 


iquid-air temperatures. 


A glass wall counter, having a copper cathode 3 cm in 
length and 1 cm in diameter, was used. Light was trans- 
mitted along the counter axis through Nonex glass bubble 
window, 0.01 mm thick, at one end of the tube. The counter 
was chemically washed, rinsed in distilled water, and 
vacuum baked at 420°C for 2 hours before a 12-cm Hg 
argon-butane filling was made. The discharge treatment 


~ 
H * - UNTREATED COUNTER (copPER CATHOOE) 
16+ = AFTER TREATMENT (6 win.) 
« © - AFTER HEATING SENSITIZED COUNTER (80 
MIN. DISCHARGE) TO 400° 
2 (NO POTENTIAL APPLIC) 
12 
4 
an 
2000 2300 3000 3300 
WAVE LENGTH IN ANGSTROMS 
Fic. 2. Goacteel din bution curves the effect produced by the 


and he heating the sensitized counter. 
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was carried on by immersing the counter in liquid air and 
connecting to it a suitable voltage supply. To determine 
the spectral response, the discharge was terminated and the 
counter allowed to return to room temperature. 

Spectral response curves were obtained by the use of a 
quartz monochromatic illuminator, a suitable radiation 
source, a quartz condensing lens, a slit system, a scale of 
256, and a mechanical recorder. In this preliminary in- 
vestigation, no corrections were made for counter losses, 
scaling circuit losses, or stray light effects in the illumi- 
nator. 

The spectral response curve of the counter before treat- 
ment is plotted in Fig. 1, and to an enlarged scale in Fig. 2. 
It can be seen that the peak response is at 2250A, and the 
photoelectric threshold is roughly at 2900A which is in 
agreement with published results' considering the possible 
contamination of the cathode surface by the quenching gas. 
After discharging the counter for 8 minutes, the spectral 
response curve obtained (Fig. 2) indicated a sharp drop in 
the peak sensitivity. Response curves taken after 50- and 
80-minute treatments are shown in Fig. 1. 

These results indicate that the prolonged discharge (1) 
shifted the spectral distribution curve toward the longer 
wave-lengths, and (2) increased the sensitivity of the 
counter by a factor of 15 at the peak response. No decrease 
in sensitivity was observed 24 hours after treatment. 
Changes in Geiger-counter properties such as useful life, 
background, pulse shape, starting voltage, and plateau 
characteristics have not been observed. A counter treated 
in this manner 8 months ago has shown no long-term 
photoelectric fatigue to date. 

A similar photoelectric effect has been observed for the 
argon-butane mixture using cathodes of nickel, silver, and 
Aquadag. Preliminary results obtained with an argon-ether 
mixture indicate that sensitivities many times greater than 
previously mentioned can be obtained in the same spectral 
range. 

To check the indications that the photoelectric effect was 
a cathode-surface phenomena, the sensitized counter was 
heated to 400°C and allowed to cool to room temperature. 
The resultant spectral response curve (Fig. 2) shows that 
most of the assumed cathode deposit had been driven off 
although the peaks at 2850A and 3000A still persist. With 
further heating, it is expected that the response curve would 
revert to the original. The dip in the curve at 2900A may be 
due to absorption by some gaseous component after 
treatment.? 

Spatz*® and Bergstrand‘ have reported on the photo- 
sensitivity of argon-alcohol counters after long use. Similar 
effects, particularly after high speed counting, have been 
observed at this laboratory for various hydrocarbon 
quenching mixtures. The decomposition of the hydro- 
carbons in the discharge quenching mechanism is ac- 
companied by the deposit of polymers on the cathode 
surface.5* After being built up through counter use, it is 
likely that this deposited layer is responsible for the ob- 
served photo-sensitivity. Discharging a Geiger-Mueller 
counter at liquid-air temperatures would seem to be a 
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similar process’ although the layer deposited and the gas 
disintegration products may very well be different. 

While photon counters have been compared favorably 
with certain types of photo-multipliers, they have had few 
applications because of lack of reliability or limited spectral 
response.* A reliable photon counter of high surface 
quantum efficiency in the near ultraviolet or visible light 
region could find important uses in spectroscopy, as a 
Cerenkov radiation detector,® and possibly as an alpha- 
particle and low energy §-ray detector without thin-window 
techniques by the use of suitable phosphors. 

Work is proceeding on the investigation of the reported 
photoelectric effect for various gases and cathode materials. 

The author wishes to express his appreciation to Mr. W. 
E. Ramsey for many stimulating discussions and to Dr. 
W. F. G. Swann for his interest in this investigation. 

*Su by the Office of Naval Research. 
1A. Hughes and L. A. DuBridge, Photoelectric Phenomena 
(McGraw-Hill Book Company, Inc., New York, 1932), p. 75. 

2W. A. Noyes and P. A. Leighton, The Photochemistry of Gases 
(Reinhold Publishing Corporation, New York, 1941), Chapter VII. 

3 W. D. B. Spatz, Phys. Rev. 64, 236 (1943). 

4E. Bergstrand, Ark. iv. f. Mat. Astr. Fysik. 29A, 4 (1943). 

5 Paul B. Weisz, “‘Radiation chemistry of the Geiger-Mueller dis- 
charge,” to be published in J. of Phys. Coll. Chem. 

6 E. W. R. Steacie, Atomic and Free Radical Reactions (Reinhold 
Publishing a ee New York, 1946), Chapter VI. 

7L. M. Yeddanapalli, J. Chem. Phys. 10, 249 (1943). 


#0. S. Duffendack and W. E. Morris, J. Opt. Soc. Am. 32, 8 (1942). 
* Paul B. Weisz and B. L. Anderson, Phys. Rev. 72, 431 (1947). 


Cosmic-Ray Bursts in the Upper Atmosphere* 


H. E. Tater** anp J. A. VAN ALLEN 


Applied Physics Laboratory, Johns Hopkins University, 
Silver Spring, Maryland 


November 10, 1947 


N July 29 a successful V-2 rocket carried a bundle of 

four automatically calibrated pulse ionization cham- 

bers mounted in the rocket nose (Fig. 1) to an altitude of 

100 miles. During the flight there were recorded 150 seconds 
of good quality telemetered data above 180,000 ft. 

The ionization chambers were similar to those used by 
Bridge and Rossi,’ 20 in. long and 3 in. in diameter filled 
with 5 atmospheres of purified argon. Calibration was 
achieved by periodically sliding tubes internal to the 
chambers by means of external solenoids, thereby uncover- 
ing fairly thin polonium sources. There were 11 Po a- 
particle pulses per second during calibrations compared to 
a high altitude cosmic-ray counting rate of 4 per second 
(mostly smaller pulses). The pulses of 10-usec. duration 
were amplified by a feed-back type pulse amplifier with 
2-usec. rise time. These pulses were shaped by an artificial 
line, amplified, lengthened by an integrating circuit, and 
then transmitted to the ground by the 23-channel radio 
telemetering system of the Naval Research Laboratory. 
Before firing, an artificial pulser was used to establish the 
amplitude calibration of the over-all amplifier, telemetering, 
and recording system. The system was linear and the scale 
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and reliability were assured by the six Po-a-calibration 
periods of two-second length each at 27-second intervals 
during flight. 

The results of three of the chambers are concordant and 
yield the distribution of pulse height shown in Fig. 2. The 


Fic. 1. Schematic diagram of ionization chambers in V-2 instrument 
cone. A, B, C, etc. represent electronic chasses. Remainder of rocket 
extends 40’ below. 


data from the fourth chamber are in disagreement with 
these three, and by examining the distribution, we have 
deduced that there were 24 spurious large pulses, and so we 
have not used the data from this chamber although the 
distribution of smaller pulses is in complete agreement with 
the group of three. 

Selecting the pulses with amplitude greater than 1.5 and 
2.5 times the extrapolated integral pulse amplitude of a 
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Po-a, comparison can be made with the results of Bridge 
and Rossi taken up to 35,000 ft. (Fig. 3). It is not entirely 
clear whether our data should be considered an extension of 
their results taken in the case with 1 in. of lead surrounding 
the chamber or in the case without lead. In order to ballast 
the rocket, 250 pounds of lead were placed above the 


1 Cnomver 
2 Chomver 


O35 Chomber 


2 4 
BURST SIZE ~ millivol 


Fic. 2. Integral number—size curve of bursts recorded above 
180,000-feet altitude. 


chamber, as shown in Fig. 1; however, the solid angle of 
this lead is small compared to the complete surrounding of 
the chambers. If there are no electrons of high energy above 
the atmosphere, there should be little difference between 
the two cases. The counting rates shown in Fig. 3 are 
unadjusted and the fluctuations indicated are the statistical 
probable errors only. The absorption coefficient, u, derived 
from I=Ie~**, is (180 g/cm*)~. However, if the Gross 


is used, then an absorption coefficient of (215 g/cm?)~ 
gives the best fit to the data and fits only the data of the 
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case without lead. Inasmuch as an ion chamber is a non- 
directional detector, we believe the Gross transformation to 
be more significant. 

Since the distribution of burst sizes is similar to that of 
Bridge and Rossi and the absorption curve of Fig. 3 indi- 
cates a monotonic increase of burst rate, we believe (a) that 
on the plateau in the upper atmosphere, where the counting 
rate is constant, we were measuring a direct effect of the 
primaries ; (b) that the absorption coefficient of this portion 
is that associated with a nuclear cross section of 1.0 10-% 
cm?*; and (c) that an ever diminishing portion of this 
primary radiation still exists at lower altitudes.? The de- 
parture of the burst rate from the Gross transformation at 


Bursts 

APL /JHU 

© Bridge & Rossi 
Bursts >2.5 

+ 

A Bridge & Rossi 


LL 1 1 
200 400 600 800 1000 1200 
PRESSURE - gm/ecm2 


Fic. 3. Bursts/hour vs. pressure. Composite plot of V-2 data and data 
from reference 1 for the case without lead. The smooth curves are Gross 
transformations with = (200 g/cm?)~! and (225 g/cm?)~, respectively. 


low altitudes may be due to the diminishing of the energy of 
these primaries in normal ionization through the atmos- 
phere. 

We are grateful for the help given by Mr. Bridge and 
Professor Rossi and their colleagues in the preparation of 
this experiment. 


Supported by the Navy Bureau of Ordnance under NOrd 7386. 
** Now at the ree of Terrestrial Magnetism, Carnegie 
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(n, p) and (n, w) Disintegrations of Nitrogen by 
Fast Neutrons 
P. Huper AND A. STEBLER 


Physics Department, University of Basle, Switzerland 
November 10, 1947 


HE emission resonance of protons and a-particles from 

nitrogen has been observed several times.'! Barschall 
and Battat® accurately determined the resonances with 
monochromatic neutrons of varied energy. 

Our work was done with a continuous neutron spectrum 
by using neutrons from a d-d reaction with a suitable 
graphite moderator. The disintegrations of nitrogen were 
observed in an ionization chamber fitted with a linear 
amplifier and a “pulse spectrograph.’* The measured 
energies correspond with the energy of the charged par- 
ticles produced by the disintegration. The energy scale was 
calibrated with a-particles from uranium: E(U™*) =4.78 
Mev, E(U**)=4.18 Mev.‘ As the a-particles and the 
protons have a different saturation at high pressures in 
the ionization chamber, two different energy scales had to 
be used in the upper part of Fig. 1. 

The (n, p) and (nm, a) resonances in nitrogen were distin- 
guished by recording the disintegrations at different pres- 
sures in the ionization chamber (2 and 15 kg (weight) per 
cm*). The results plotted in Fig. 1 show that only the 
(n, a) reactions can be observed if the pressure is lowered 


024 


2 


Fic. 1. Pulse distribution plotted against . D =relative number 
of pulses per energy interval. 18,000 pulses >1 Mev. Ionization chamber 
filled with nitrogen at a pressure of: (above) 15 kilograms (weight) per 
cm’, energy of primary neutrons, 2.9 Mev, thickness of graphite 
moderator, 21 cm; (below) 2 kilograms (weight) per cm*, energy of 
primary neutrons 2.8 Mev, thickness of graphite moderator 17 cm. 
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MEV 


Fic, 2. Energy levels. 


from 15 to 2 kg per cm*. The (nm, p) reactions vanish in the 
energy range considered (>1. 2 Mev) as a consequence of 
the big wall effects for protons. 

Three of the seven resonances are connected with (n, a) 
disintegrations. According to the results of Barschall and 
Battat, our lowest resonance corresponds to a (mn, a) as 
well as to a (n, p) disintegration. The two (n, p) resonances 
of highest energy cannot be determined quite accurately as 
both are situated near the main (, a) group. Yet they have 
been observed in all records so that their existence seems 
to be proved. 


Tasue I. Energies in Mev. 


Barschall and —_—Wil- 
Battat* 


Present measuremen — Zagor 

(n, a) (n, p) (n,a) (n,p) (n,a) (n,a) (a,n) Hansen 
1.14+0.04 1.11+.0.04 1.21 1.18 

1.27+0.03 1.33 1.33 131 
1.54+0.04 1.42 1.64 1.40 1.75 
1.97+0.06 1.94 1.94 
2.06+-0.06 2.08 2.04 2.15 2.00 231 

2.59 2.64 


3.21 


energies into the figures given here, 


* For the conversion of the measured neutron 
we used Q(n, p)=0.63 Mev, Q(n, a) = —0.24 Mev. 


Table I contains the energy values of earlier papers and 
our new determinations. If the resonances are interpreted 
as energy levels of the intermediate nucleus N™, it is 
possible to coordinate with each energy level (Fig. 2) a 
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(n, p) and a (mn, a) disintegration insofar as the energy 
of the a-particles was measurable. The energy difference 
E(n, p)—E(n, a) of corresponding transitions must be 
equal to the difference of the Q values: Q(n, p)—Q(n, a) 
~0.9 Mev. 

1E. Wilhelmy, Zeits. f. Physik 107, 769 (1937); H. I. and 


F. A. Valente, Phys. Rev. 67, 133 (1945). This paper contains references 
to work. 
? H. H. Barschall and M. E. Battat, Phys. Rev. 70, 245 (1946). 
3D. a Helv. Phys. Acta XX, 139 (1947). 
4 Alder, Huber, and Metzger, Helv. Phys. Acta XX, 234 (1947). 


On the Resolving Time and Genuine Coincidence 
Loss for Geiger-Mueller Counters* 
C. E. MANDEVILLE AND Morris V. ScCHERB 
Bartol Research Foundation of the Franklin Institute, 


Swarthmore, Pennsylvania 
November 6, 1947 


HE coincidence method is one which has been widely 
used in experiments relating to nuclear disintegra- 
tions and cosmic radiation. In investigations of nuclear 


Fic. 1. Fast coincidence circuit—resolving time 0.08 microsecond. 


reactions and radioactive nuclei by coincidence techniques, 
the use of a very short resolving time (r <0.1 microsecond ) 
would have the obvious advantage of minimizing accidental 
coincidences arising from the presence of a strong back- 
ground of uncorrelated phenomena. Circuit design has not 
been the limiting factor in achieving such short resolving 
times; the difficulties lie in the Geiger-Mueller counter 
mechanisms. A number of workers'~' have reported sub- 
stantial losses in the counting of genuine coincidences when 
employing G-M counters in coincidence circuits having 
resolving times less than one microsecond. These losses have 
been attributed to fluctuating time delays (as much as one 
microsecond) between the initial ionizing event and the 
change in the potential of the counter wire of sufficient 


magnitude to register. 
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Coincidence studies of radioactive nuclei have been in 
progress for some time at this laboratory and recent at- 
tempts to use resolving times under one microsecond have 
yielded preliminary results of a promising nature. 

Thin-walled Geiger-Mueller counters were constructed to 
the following specifications: sensitive counting volume—5 


CENUINE COINCIOENCCS PER mINUTE 
8 
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Fic. 2. Genuine coincidences as a function of the resolving time. 


cm in length, 1.5 cm in diameter; thickness of glass walls 
—0.013 cm; anode wire diameter—0.0075 cm; aquadag 
cathode thickness—0.0013 cm. 

The counters were washed in a sulphuric acid solution 
and rinsed in distilled water before the cathode coating was 
applied. After baking in vacuum for 2 hours at 420°C to 
drive off occluded vapors, the anode wires were flashed and 
the counters filled with an argon-ether mixture to a pressure 
of 12 cm Hg. The operating potential for these counters 
was 980 volts. 

For operating resistors of 1000 to 5000 ohms, the counter 
pulse shapes were examined on a fast sweep oscilloscope. 
The pulse rise time as viewed on the oscilloscope was 0.15 
microsecond, the rise time of the oscilloscope amplifier. The 
actual rise time of the counters may be less than this 
amount. The pulses had a uniform amplitude of several 
volts. 

A matched set of 2 of these Geiger-Mueller counters was 
operated in coincidence with the circuit shown in Fig. 1. 
The anode wires were connected directly to the grids of the 
Rossi valves as indicatéd. For an operating resistance of 
5000 ohms, the counters delivered a negative pulse of ap- 
proximately 4.5 volts to the grids of the 6AKS’s. The 
resolving time of the circuit was varied by altering the 
values of the input grid resistors and the bias of the output 
tube. The coincidence circuit was checked for delays in one 
channel with respect to the other and for inter-channel 
coupling which might give rise to spurious coincidences. 

Genuine coincidences were produced by a collimated 
source of hard beta-rays which were allowed to traverse 
both counters. As the resolving time, r, was reduced from 
1.2 microseconds to 0.08 microsecond, no loss in genuine 
coincidences was observed. More than 1600 genuine coinci- 
dences were recorded at each point to insure a high sta- 
tistical accuracy. The genuine coincidence rate is plotted 
as a function of the resolving time in Fig. 2. As a check on 
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the results obtained, radioactive sources of Sc**, Ti*!, and 
Ta!#? were placed between the counters, and the beta- 
gamma coincidence rate was determined as a function of the 
resolving time. No losses in the genuine coincidence rate 
were observed down to the shortest resolving time used. 

No variations in these results were observed when four 
pairs of counters of the type described above were tested. 

The results obtained suggest that for these particular 
counters, the delay times are a fraction of one-tenth of a 
microsecond, and that long delays reported by other 
workers are not inherent in all Geiger-Mueller counters. It 
has been suggested that long time delays are due to the 
presence of electronegative vapors.5* Rossi and Nereson’ 
have reported delays of a few tenths of a microsecond in 
brass-walled argon-alcohol counters used in cosmic ray 
experiments. Counter delays of a tenth microsecond or less 
have also been reported.*~!” 

For argon-alcohol counters of diameter 1.2 cm, an 
extrapolated delay time of 0.04 microsecond has been 
calculated.’ This result is in agreement with the funda- 
mental experiments of Ramsey" and the recent analysis of 
Korff."? 

Circuit limitations prevented the investigation of coinci- 
dence losses at resolving times less than 0.08 microsecond. 
A fast rise time amplifier is now in development for extend- 
ing observations to 10~* second, since no counter delays 
have as yet been detected. 

Geiger-Mueller counters of this type should widen the 
use of the coincidence method and in particular should aid 
in the search for short-lived metastable states.’ ' 

Stimulating discussions with W. E. Ramsey and with 
Professor W. C. Elmore of Swarthmore College are grate- 
fully acknowledged. We are indebted to Dr. Elmore for 
having measured the rise time and other counter pulse 
characteristics with his apparatus. Austin G. Nester of the 
Bartol Research Foundation constructed the Geiger- 
Mueller counters. 

* Supported by the Office of Naval Research. 

Dunworth, Nature 144, 152 (1939). 

otblat, Proc. Roy. Soc. A177, - (1941). 

3A. Roberts, J. R. Downing, and M. Deutsch, Phys. Rev. 60, 544 
ow. E. Ramsey, Phys. Rev. 58, 476 (1940). 

+ E. Rose and W. E. san. Phys. Rev. 59, 616 (1941). 

G. Montgomery and D. D. Montgomery, Rev. Sci. Inst. 18, 
a Got and Norris Nereson, Phys. Rev. 62, 417 (1942). 

*H. K. Ticho, Rev. - Inst. 18, 271 (1947). 

(ean. den Hartog, F. A. Muller, and N. F. Verster, Physica 13, 251 

aw Setpaty and M. L. Wiedenbeck, a Rev. 12, 185 (1947). 

E. Ramsey, Phys. Rev. 57, 1022 (1940 


os A Korff, Phys. Rev. 72, 477 (1947). 
 S. DeBenedetti and F. K. McGowan, Phys. Rev. 70, 569 (1946). 


On the Solutions of Radial Wave Equations 


AUREL WINTNER 
Department of Mathematics, Johns Hopkins University, 
Baltimore, Maryland 
November 12, 1947 


OR a fixed value, IV = Wo, of the eigen parameter, the 
separation of the spherical harmonics in a Schrédinger 
equation, belonging to a potential of the tvpe V= V(r), is 
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known to reduce the three-dimensional wave equation to 
the ordinary differential equation' 

— Vir) =0, (1) 


for R=R(r), where R’=dR/dr (and 8x%u/h?=1). Let the 
constant W, be in the range of “bound electrons,” so that 


Wo=0, and V(r)=0 for (2) 
while the potential is a sum of the form 
V(r)=Ar-*+Br%+---, (3) 
in which a, 6, --- and A, B, --+ are positive constants. 


In the case of the hydrogen atom, the sum (3) reduces to 
a single term, with a=1 and A =Ze*>0. In this case, the 
solution of Eq. (1) leads? to Laguerre functions, and the 
preponderant factor behaves, roughly, as e~¥ if r- ©. The 
success of this substantially explicit method depends on the 
accidental applicability of the classical theory (Riemann- 
Fuchs) of “regular” singular points of linear differential 
equations,’ a circumstance Wue to the particular choice, 
Zé/r, of Vir). 

Because of the same circumstance, a closer inspection of 
the characteristic equation and of the recursion formulae is 
possible. It reveals that the coefficients of the Laguerre 
functions‘ obey a certain law of positive regularity. It will 
not be necessary to give a description of this law, since it 
turns out to have nothing to do with the specific nature of a 
Coulomb force or, for that matter, with the possibility of 
some “explicit” integration of Eq. (1). In fact, it will be 
proved below that the situation is as follows: 

If the potential graph, V=V(r), over the half-line 
0<r<~ of the (r, V) plane, besides satisfying condition 
(2), satisfies a certain qualitative condition (that specified 
by the inequalities (12) below), then Eq. (1) possesses for 
0<r<~© a positive solution which not only is a Laplace 
transform in the real domain, say 


= where 0S¢<~, (4) 


but belongs to a Laplace transform of a non-negative 
density, which, in addition, is non-increasing when q in- 
creases. In other words, the function ¢(q) occurring in 
Eq. (4) is subject to 


o(qg)=0 and for 0S¢<~. (S) 


Needless to say, Eq. (4) is claimed to represent an exact 
solution of Eq. (1), rather than just an approximation, 
asymptotic to some solution as r->. If the distribution 
determined by ¢(g) is known,’ a positive solution of Eq. (1) 
follows from Eq. (4), whereupon the “other” (linearly 
independent) solution of Eq. (1) is supplied by the product 


Re): (6) 


in which X denotes the first solution. This can, of course, 
be verified by substituting the function (6) into Eq. (1) 
and assuming that the latter is satisfied by the first factor 
of the product (6). 
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The existence of a solution R(r) of the type in question 
will be concluded from the following theorem :* Suppose 
that f(x) is any function possessing at every positive x 
derivatives of arbitrarily high order, and that the latter 
satisfy the conditions 


for n=0,1,2, +++; 
O<x<0. (7) 


Then the differential equation, 
+f(x)y=0, (8) 


has a positive solution which is representable in the form 
y(x) = J, e~*d¢(q), O<x<~, (9) 


where ¢(q) is a certain non-decreasing function which 
(since only d¢ occurs) can be normalized by ¢(0)=0. 

In order to apply this general theorem to the wave 
equation, put 


f(r) = Wo—ll+1)r*— Vir) (10) 


and y=rR. Then an easy calculation transforms Eq. (1) 
into an Eq. (8), where x =r. Since Eq. (9) becomes identical 
with Eq. (4), where R=y/r, it follows that 


But if the identity 


is substituted into Eq. (11), a straightforward contraction 
reduces Eq. (11) to Eq. (4), since ¢(0)=0. 

What remains to be verified is that the assumptions (7) 
for the existence of a solution of the form (9) are satisfied 
in the present case. But Eq. (10) shows that the case n=0 
of the conditions (7), where d°f/dx®°=f, is contained in 
the assumption (2) for a bound electron, and that the 
other conditions (7) reduce to 


(—1)"d*V(r)/dr"=0, where n=1,2,---; 
(12) 


Clearly, the conditions (12) are satisfied by V(r)=r~ if 
a>0O. Hence, they are satisfied by any potential of the 
form (3). They are also satisfied if V(r)=e*/r*, since 
they are satisfied if V(r)=e* (they are satisfied by 
Vi(r)= Vi(r) V2(r) if they are satisfied by both V= V; and 
V= V2). 

If r=x, Eq. (1) and Eq. (10) represent the particular 
case g(x)=x?, h(x)=f(x) of the general self-adjoint differ- 
ential equation (gz’)’+-hz=0. It is not hard to verify that 
the above deduction can be extended to the case of the 
latter differential equation as soon as the conditions (7) 
are satisfied by both f= —g~? and f=h. 

1E. Schrédinger, Abhandlungen sur Wellenmechanik (J. A. Barth, 
Leipzig, 1928), p. 3. 

2B, inger (see the above), pp. 4-10 and pp. 131-134. 

3E. G. C. Poole, Introduction to the Theory of Linear Differential 
Equations (Clarendon Press, Oxford, 1936), Chap. V. 

4 (See reference two.) 


A, Wintner, 69, 88 (1947). 
* A. Wintner (see above), p. 91. 
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Stark Spectrum of H,O* 


S. GoLtpEn** 
Harvard University, Cambridge, Massachusetts 
AND 
T. WeENTINK, R. HILLGER, M. W. P. STRANDBERG 
Research Laboratory of Electronics, Massachusetts Institute 
of Technology, Cambridge, Massachusetts 
November 18, 1947 


HE Stark spectrum of the rotation line of H,0! at 
22,235.22+0.05-mc/sec. has been observed, using 
higher electric fields than previously reported. The appa- 
ratus used is similar to types described by others,3« 
utilizing 1.25 cm silver wave guide with a 6 kc/sec. square 
wave electric field oriented parallel to the electric vector 
of the microwave radiation. At fields of 7500 volts/cm, 
four of the six components predicted by theory were com- 
pletely resolved. 

The unperturbed line had a minimum breadth of ap- 
proximately 250 kc/sec.; because of the irregularities in 
the perturbing electric field, the components had widths 
of approximately 500 kc/sec. 

Figure 1 shows the experimental data and fitted curves 
for the Stark splitting. It appears that the unresolved 
M=0, 1 line has a “center of gravity” approximating the 
splitting of the M=1 line. This is to be expected since the 
latter is doubly degenerate and the former a single line; 
the resulting computed intensity ratio is 36/70. The rela- 
tive intensities of the components qualitatively follow a 
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Fic. 1. H2O Stark pattern. 


theoretical (J?—M?) law, (J=6), but this has not been 
substantiated by integration over the components. 
The experimental data can be represented by the formula 


Av = (20.65 — 1.003 M*)E?X 10-8 mc/sec., 


where M=0, 1, 2, 3, 4, 5; E=electric field strength in 
volts/cm. The probable error of fit is approximately 0.3 
percent. This is to be compared with the theoretical formula 
calculated*by means of conventional perturbation theory: 


Av = (18.42 —0.9165 M*)E? X 10-8 me/sec., 


with the dipole moment equal to 107!8 esu-cm.°® 
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LETTERS TO 


Certain of the direction cosine matrix elements involved 
in the calculation were determined from the line strengths 
for H;O calculated by King, Hainer, and Cross* while 
others were determined by interpolation from tables of 
line strengths by these same authors.’ The term values 
involved in the second-order perturbation theory were 
taken from the assignments by Randall, Dennison, Gins- 
burg, and Weber* with the exception that the observed 
microwave absorption frequency was used in place of that 
computed from the assigned term values. 

Despite favorable agreement between the experimentally 
and theoretically derived formulas, the existing discrepancy 
requires some comment. From the theoretical point of 
view there are three possible sources of error. Induced 

tion effects due to the Stark field have been ex- 
amined and for the present case may be safely neglected. 
There is some uncertainty in the dipole moment, particu- 
larly since the value usually obtained involves an implicit 
averaging over the various vibrational states of the mole- 
cule. The most serious error is probably in the use of the 
rigid rotor wave functions in the theoretical calculations. 

Experimentally, the greatest source of error is in the 
determination of the field strength, since the field is not 
homogeneous over the cross section of the wave guide. 
Calculations show that corrections for fringing of the field 
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near the side walls of the wave guide are negligible. How- 
ever, the error in the measured field strength can be as 
much as +2 percent because of lack of centering of the 
Stark electrode and the wave shape of the applied Stark 
voltage. 

The ratio of the constant and M-dependent coefficients 
in the formulas is 20.59 for the observed data and 20.10 
for the theoretical formula, giving a 2.5 percent agreement. 
This ratio is independent of both field strength and dipole 
moment. 

To apply the theory described to our measurements, a 
value for the dipole moment of 1.94+0.06 Debye units 
would be required. 


kas been supported in part by the Signal Corpe, the Ale 
Materiel Command, and O. N 

** National Research Council Fellow. 

1C. H. Townes and F. R. Merritt, Phys. Rev. 70, 558 (1946) and 
references noted therein. 

2 D. K. Coles, Westinghouse, in private communication to Prof. E. B. 
Wilson, Jr., Harvard, observed the Stark displacement of this 1. | 
without resolution, at fields considerably lower than those used here. 

+R. H. Hughes and E. B. Wilson, fie pwwe. Rev. 71, 562 (1947). 

4B. P. Dailey, Phys. Rev. 72, 84 (1947). 

5 See, for example, Tables of Electric Moments, Tech. Report 
AS Il, agg for Insulation Research, Massachusetts Institute of 
ong, Wel King, R. M. Hainer, and P. C. Cross, Phys. Rev. 71, 433 


om” personage and P. C. Cross, J. Chem. Phys. 12, 210 
*H. M. Randall, D. M. Dennison, N. Ginsburg, and L. Weber; 


Phys. Rev. 52, 160 assay 
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Proceedings of the American Physical Society 


MINUTES OF THE MEETING OF THE OHIO SECTION AT OBERLIN 
ON NOVEMBER 1, 1947 


HE Ohio Section of the American Physical Society met at Oberlin on 
November 1, 1947. The titles of the papers presented are listed below, 

and are followed by such abstracts as were made available for publication. 
A discussion of the problem of registration of physicists was held by a Com- 
mittee under the chairmanship of H. P. Knauss. The Section heard the Sigma 


Xi lecture of Professor J. R. Dunning of Columbia University. 


Leon E. Situ, Secretary 


1, A Direct Measurement of the Current-Voltage Relation in Charging and Discharging a 


Capacitor. Cart E. Rowe, Oberlin College. 


2. Continuous Casting of Metals. N. P. Goss, Cleveland, Ohio. 
3. The Production of Axially Symmetric Magnetic Fields. E. F. SHkADER AND R. L. GARWIN, 


Case Institute of Technology. 


4. Properties of Thin Ferromagnetic Films. E. C. CRITTENDEN, JR., Case Institute of Tech- 


nology. 
5. Artificial Growing of Quartz Crystal. D. R. HALE, Brush Development Company. 1 
6. The Electro-Optic Effect in Primary Phosphate Crystals. HANs Jarre, Brush Development d 
Company. 
7. Rectangular Analogs of Helmholz Coils. RicHarp A. BetH AND J. S. Kroumer, Western 
Reserve University. 
8. The Design of a 30-Mev Betatron. E. C. Greco, Jr., Case Institute of Technology. ¢ 
9. Study of Activation of Oxide-Coated Cathodes. W. F. HopGe, Nela Park Laboratories u 
of General Electric Company. 1 
10. A Method of Measuring Nuclear Magnetic Moments. JoHn R. ZIMMERMAN AND DUDLEY T 
Ohio State University. w 
11. Some Advantages of English Absolute over English Gravitational Units. Conrap E. ce 
RONNEBERG, Denison University. (f 
12. Reflections of Radar Waves. Paut B. Taytor, Aircraft Radio Laboratory, Wright re 
Field. fr 
tr 
tr 
T 
Rectangular Analogs of Helmholtz Coils. J. S. KRoHMER With the “best spacing,” Do cm, between coils, the pe 
AND R. A. Betu, Western Reserve University—A pair of field on the axis near the center of the system of two 12 
rectangular rather than circular coils can be used ‘to rectangular coils is ba 
approximate a uniform magnetic field.? The rectangular H = (4ni/Ds)he(1— Cx+- - -)oersted, 


coils may be preferred in order to extend the region of 
uniformity in a direction transverse to the field or in order 
to avoid the difficulties involved in making sufficiently 
large circular coils. 

If two identical rectangular coils are connected in series 
and coaxially placed with corresponding sides parallel, 
the magnetic field H along their common axis can be ex- 
pressed in a series of even powers of the distance w from the 
geometric center of the system. For given rectangle sides, 
a>b, the spacing D between the planes of the coils can be 
chosen (=Do) so that the coefficient of w* vanishes, thus 
giving the best field uniformity in the same sense in which 
the Helmholtz spacing (equal to the radius) gives the best 
uniformity for circular coils. 
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where x is the number of turns in each coil, 7 is the current 
in abamperes, and x =w/Dp. 


1F. K. Harris, Nat. Bur. Stand. J. Research 13, 391 (1934). - 
2R. H. Lyddane and A. E. Ruark, Rev. Sci. Inst. 10, 253 (1939). 


A Method of Measuring Nuclear Magnetic Moments. 
Joun R. ZIMMERMAN AND DuDLey WILLIAMs, Ohio State 
University.—Three methods of observing nuclear magnetic 
moments have recently been reported. The work described 
in the present report is based on an extension and modifica- 
tion of one of the methods described by Roberts. The 
method involves a nuclear Paschen-Back effect, and mag- 
netic resonances in solid or liquid samples are observed at 
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radiofrequencies. The coil containing the sample forms 
part of a simple LC oscillator and is located in a uniform 
magnetic field, the intensity of which can be varied and 
also subjected to a small 60-cycle modulation. When the 
condition for resonance hy = H/T is realized, the amplitude 
of oscillation shows marked changes, which can be detected 
by a radio receiver or by means of audio-amplifier circuits 
to be described. The resonance peaks are displayed on a 
cathode-ray oscilloscope. The interpretation of the signals 
observed with the audio-amplifier is somewhat simpler 
than that of the signals from the receiver. The sensitivity is 
comparable with the receiver super-regenerative-oscillator 
technique recommended by Roberts. Difficulties are en- 
countered in reducing the oscillator power to a point 
where saturation effects are negligible. The accuracy with 
which magnetic moments can be determined is limited by 
the accuracy of magnetic field measurements. The pre- 
liminary values obtained for H' and F"® are 


H! = 2.788+.028 nuclear magnetons, 
F!=2.625+.017 nuclear magnetons. 


The work is being continued with slight modifications for 
determining magnetic moments of other nuclei. 


Design of a 30-Mev Biased Betatron. E. C. Greac, Jr., 
Case Institute of Technology.—The biased betatron now 
under construction' has an equilibrium orbit radius of 
17.2 cm and a peak orbital magnetic field of 6000 oersteds. 
The use of a complete laminated iron core, bucking coil 
wound about the core, and a biasing direct current? reduces 
considerably not only the physical size of the machine 
(for a given energy) but also the size of the capacitor bank 
required to tune the betatron to resonance. The driving 
frequency of 180 c.p.s. is obtained from a frequency 
tripling transformer. The outside dimensions of the beta- 
tron are 46” X 28” X 16” with a total weight of 5000 pounds, 
while the .05 hy reactor necessary to bypass the direct 
current is water-oil cooled and totals 500 pounds of copper. 
The betatron-reactor combination requires 460 kva of 
power factor correction at 3250 volts and dissipates about 
12 kw of power. Calculations show that the current feed- 
back resulting from connecting the bucking coil in parallel 
with the main coil reduces the magnetic non-linearities 
of the core to about 0.1 percent at the time of electron 


ejection. An underground vault for housing the machine 
with an appropriate control room has just been completed. 


Sto wast: tn past by a grant from the Research 
tion. 
2 W. F. Westendorp, J. App. Phys. 16, 657 (1945). 


A Method of Studying the Thermionic Emission of 
Oxide-Coated Cathodes in Gaseous Conduction Devices. 
W. F. Hopce, Lamp Development Laboratory, General 
Electric Company.—The procedure for the activation of 
oxide-coated cathodes in tubes containing a gaseous atmos- 
phere has been determined in the past by measurements 
made in vacuum and by trial and error methods in prac- 
tical usage. Based on a method, described by Found, for 
measuring the thermionic emission of such cathodes in a 
gaseous atmosphere, an experimental means giving a sensi- 
tive indication of the activity of such cathodes has been 
developed. This consists of plotting positive ion current to 
a probe located in the vicinity of the cathode against 
cathode heating current or temperature. The result of this 
procedure is a determination of the point where zero field 
emission becomes insufficient to carry the arc current, 
a lower temperature for this point indicating greater 
activity. Measurements can be made quite rapidly, an 
advantage in a study of cathodes that may change their 
activity considerably in a short period of operation. The 
method is being used in the-study of fluorescent lamp 
cathodes. It would be equally applicable to other gas-filled 
discharge devices, such as thyratrons. 


Electro-optic Effects in Crystals of the Primary Phos- 
phate Type. Hans Jarre, Brush Development Company.— 
Non-centric crystals are known to have electro-optic effects 
analogous to the Kerr effect in liquids but differing from 
this effect by a linear dependence of optic retardation on 
applied electric fields. The linear electro-optic effect is of 
particular interest in that case where the applied field is 
parallel to the propagation of the light beam and where 
this is parallel to the optic axis of the crystal. This condi- 
tion can be realized only in one class of uniaxial crystals of 
which the primary phosphates of potassium and ammonium 
are representative. Half-wave retardation in these crystals 
is obtained by 8400 and 9400 volts, respectively, for green 
light independent of the thickness of the crystal plate. 
The effect is useful for modulating a light beam with 
acoustic signals, for fast-working shutters, and for color 
switching. 
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MINUTES OF THE MEETING OF THE NEW YORK STATE SECTION AT 
Union COLLEGE, NOVEMBER 8, 1947 


HE Fall Meeting of the New York State Section of the American Physical 

Society was held at Union College, Schenectady, New York, on Saturday, 

November 8, 1947. An attendance of 120 members and visitors was recorded. 
The following programme of invited papers was presented : 


Greetings. CARTER DAvipson, Union College. 
Dedication of the South Physics Laboratory, Union College. SHERMAN MILLER, American 


Locomotive Company. 


Ultrasonics in War and in Basic Research. H. B. Huntincron, Rensselaer Polytechnic 


Institute. 


Electron Accelerators. W. F. WesteNnporP, General Electric Company. 


I. Demonstration Experiments 


Model to Illustrate Action of Mass Spectrograph. F. J. 
Norton, General Electric Company. 

A Simple X-Ray Intensity Meter. A. T. GosLe, Union 
College. 

Geomagnetic Surveying with a New Electronic Mag- 
netometer. H. R. Larsen, Gurley Instrument Company. 

The Question of the Existence of Single Magnetic 
Poles. HERTA R. LENG, Rensselaer Polytechnic Institute. 

Chromatographic and Fluorescence Analysis for the 
Isolation and Purification for Spectroscopic Studies of 
Pigments Synthesized by Micro-organisms. M. O’L. 
CROWE AND A. WALKER, Division of Laboratories and 
Research, New York State Department of Health. 

Mechanical Model of Chain Reaction in Nuclear Fission. 
Lew! Tonks, General Electric Company. 


Il. 


Rocket Propulsion (Motion Pictures of V-2 Launchings). 
R. W. Porter, General Electric Company. 


On the preceding afternoon visits were made 
to General Electric Research Laboratory and 
the American Locomotive Company plant. The 
Union College Chapter of Sigma Xi invited the 
Society to an evening lecture on the Future of 
Nuclear Research by John R. Dunning, of 
Columbia University. 


C. L. ANpDREws, Secretary 
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